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INTRODUCTION 

'fhe conception of the tem 11marketingu is usually attributed 

to Ralph Starr Butler, who, in 1910, published six printed pamphlets 

titled Marketing Methods which were later published as a textbook 

titled Marketing. Butler states, "In brief, the subject matter that 

I intended to treat was to include a study of everything that the 

promoter of a product has to do prior to his actual use of salesmen 

and of advertising." 1 In order to examine the above subject matter, 

marketing scholars have developed the institutional~ functional, and 

commodity approaches for the formulation of marketing principles. 

The application of these approaches to marketing problems has 

generated a wealth of information. H~wever, the results of these 

approaches have not been integrated into any logical frame of reference 

so as to form the foundations for the statement of marketing principles. 

In the laBt decadep considerable research has been performed in an 

attempt to accomplish such an integration. The domain of marketing 

thought is no longer confined to Butler's interest in the promotion 

of products, but has expanded to a multi-dUnensional discipline. 

To date, the major part of the research done in the field of 

marketing belongs to the structural dimension, i.e., an examination 

of the basic coaponents of the marketing system. The commodity, 

l 
R. Bartels. The Development of Ma~keting Thought (Homewood, 

Ill.: R. D. Irwin, 1962), p. 225. 

l 



instit~tional, and functional approaches to marketing provide an 

analysis of the structural dunension of marketing. However, such an 

analysis does not consider the influence of the temporal d~ension on 

marketing phenomena. In addition to neglecting the temporal dimension, 

traditional market analysis also fails to emphas1ze the effects of 

geographical location, the spat1al d~ension, in its explanatLon of 

the market mechan1sm. UntLl recent years the advances made in the 

other social scLencea were not used to any large extent in the f1eld 

of market1ng. A combination of this interdLsciplinary dimension of 

market1ng with the previous dimensions will provide a bas1s for the 

.development of marketing princ1ples, the 1ntellectual d~mens1on of 

marketing. 

In recent years 1 many marketing scholars have attempted to 

synthes1ze th1s mult1-d~ensional approach to market1ng so as to 

prov1de a conceptual frame of reference for the solution of marketing 

problems. A lead1ng exponent of this approach 1s Professor W. 

Alderson whose funct1onalism is an 1ntegration of the commodity, 

functional, and institutional approaches. 2 In addition to integrattng 

these traditLonal approaches, Alderson also increases thetr scope. 

He empbas1zes the str~ctural relationsb1ps between market1ng units and 

ins1sts that such relat1onahips are dynamic Ln contrast to the tradi-

tional stat1c approaches to marketing. 

Functionalism ie a recent innovation 1n marketlng theory, 

consequently, 1t 1s not stated Ln a r1gorous fashion. Although 

Lw. Alderson, Marketing Behav1or and Executive Action (Homewood. 
Ill R. D. Irwin, 1957). 
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Alderson's functLonalism has not been def1ned by a mathematLcal model, 

ceimceptually, 1.t has emphaaized the structural interdependence of 

marketing activ~t~es However, 1n order that functionalism may be 

used 4n the solution of marketing problems, it must be stated in 

quantlt8tLve terms. As one crittc states, 11 In sum, the challenge 

factng the student: of market.t.ng 4S that of operat1.onal1z1ng the concep-

tual schemata suggested by functl.onalisat-·that ~s, of translating them 

J 1ntu ernpir leal resea1 ch 1ns truments." 

The obJeCt: of this thesis 1s t.:- use a mathem<ltl.cal model, 

wh1.ch uxempll.!'ics tho concept of functionalism,for an examin4tion of 

current markctLng probl~ms The model to be used 1s dn uconornic m0del 

developed by Professor W Leontief The model, whLch is usually 

called ~n input-~utput modct, ~as chosen for a var~aty of rcas~ns 

f1rst, the ttadit1onal approJches to marketlng may be used for collect-

1ng and organi~ing 1n a log1cal and consistent manner the enormJus 

dmount of data requ1rcd for the use of an lnput-output model 

Second, Alderson's funct~onali~m emphasizes the structural 

rolations between marketing un1ts. rhe interdependency 0£ firms is 

tnherent 1n an ~nput-output model Anotb~r property o1 functionalism 

lS that lt o(fer3 a dynamic 1nterpretat!on of marketLng actlVlty as 

'PJ>l,scd t.:- the statlc thllory t\!presented by the l.nStl.tuti~Jnal. com-

m.:>dlty, and funct1.onal approaches to marketing. Given speciflc 

conditions, the Lcontief mod~l can be used for a dynamic analysis of 

3r M Nieosia,"Marketing and Alderson's Functionalism," 
Journal of Business, XXV (1962), 412 



marketing activities The remainder of this thesis involves the 

application of this linear economic model to the functionalist 

approach in market~ng. 

4 



CHAPTER 1 

THEORETICAL CONSIDERATIONS IN THE DEVELOPMENT 
OF MARKETING MODELS 

l 1 The Need for Mathemat1cal Models Ln Marketing 

The need for mathemat1cal models 1n marketing ~s an outgrowth 

of two recent marketLng phenomena First, there lS a need for a 

theoretical framework which will provtde a means for integrat1ng the 

enormous amount of ex1sting information concern1ng various facets of 

the market. Second, the scope of markettng analys~s has 1ncreased 

as a result of its maturing as an academtc discipline. 

The Increase in Markettng Data 

Consider the Lncrease in marketing data. Since the deveLopment 

and use of the electron1c computer, marketing data have increased expo-

nentially. Not only is there an increase in the availability of 

nattonal data but there lS also a corresponding 1ncrease in the data for 

the individual firm in the market With the 1ntroduction of electronic 

computers, firms now collect and store more data concerning their 1nter• 

nal operations. The problems confrontlng the market analyst are to 

determine the best way to interpret and analyze these data. When the 

data are meager, the market analyst has only to consider a few vari-

ables before he renders a decision. However. when the data become 

quite detaLled, the interrelationships between each set of data are not 

5 
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obvious, therefore the analyst needs aome conceptual frame of reference 

into which he can place the data. 

A model provides the market analyst with such a conceptual 

frame of reference. For the purpose of thls discussion, a model is 

defined as a set of symbol~c relationships which abstracts some phase 

of the marketing process. 

The connection between the use of models and the growth in 

empirical information which describes the marketing process is obvious. 

The use of a model will enable the market analyst to synthesize all of 

the relevant data in a concise way so that it will form a conceptual 

frame of reference. Without the use of a model, it would be impossible 

to analyze all the interdependencies between the different sets of data 

in many comple~ marketing systems. 

For example, consider the problem of distributing a sales pro

motion budget over different regions Prior to tho recent advances in 

the collectLon of marketing data, such decisions could be made without 

the use of models since the available data upon which the decision 

depended were meager However, the preseot day market executive has 

reams of information upon which he draws before rendering a decision. 

As tbe data become more detailed, the executive cannot make optimum use 

of all the information without the use of a model. For example, it is 

one problem to allocate advertising expeaditure9 over the given sales 

regions by knowing only each region's total sales and profit, however, 

the problem becomes more difficult when additional d4ta are known such 

as: the sales promotion activities of the competitors, income levela 
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of the average customer, employment trends, consumer preferences, the 

educational level of the consumers, the nature of the product mix, 

geographic sales distribution within the region, and customer sales by 

nature of employment. By using models. the market analyst is able to 

determine the quantitative effects of the change of one variable on the 

other variables in the system. 

Marketl.ng, A 1\.faturl.ng D1scl.pline 

The other need for models to marketing results from the new 

domain of marketing inquiry. •To the surprise of ~ny academicians, 

marketing is no longer ltmited to study of salesmanship, retailing. 

wholesaling, and sales promotion 1n a given firm. The market analyst 

is now concerned with consumer behavior beyond the level of an indi

vidual firm. He is a specialist whose primary interest is in the nature 

and functioning of the market. the most baste component of a capital

ist 1 c soc: ie ty • 

In order to study the market, the market analyst must consider 

many interrelationships between place. product, promotion, price, gov

ernment control, income. employment, and consumer demand. This list is 

by no means exhaustive, it merely illustrates the changing interests 

of those engaged in marketing. 

One of the greatest advances in marketing methodology is the 

tendency towards a macro approach to marketing problems. Until recent 

years, the primary interests of those engaged in marketing involved the 

marketing activities of the individual firm, i.e., a micro approach was 

used in lieu of a macro approach. Studies on the micro level furnish 
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basic data for the construction of general concepts, which, when stated 

in mathematical form. become models. Therefore, the development of 

marketing concepts and marketing models is closely related; i.e., the 

latter is a symbolic statement of the former. 

The use of models permits a holistic approach to the study of 

marketing in that they can handle the interrelationships between the 

many economic and social systems in the market. Such a synthesis of 

socio-economic systems was not needed on the micro level thereby re

stricting the use of mathematical models. 

The following chapters contain an application of a linear eco

nomic model to a macro study of the market mechanism. However, it 

should not be inferred that the use of mathematical models in marketing 

is restricted to the macro level. The need for marketing models arising 

from an increase in the number of var~bles to be considered befoce 

rendering any market decision was discussed in the aforementioned adver

tising example. The number of variables to be considered can increase 

on the micro level as well as on the macro level as evidenced by the 

need for models in the previously discuased sales promotion problem. 

The Advantages in UsLng Models in Marketing 

In the majority of instances, the need for mathematical models 

in marketing is actually a necessity since certain problems could not 

be solved witbout the utilization of a model. This section contains a 

discussion of the advantages in using models in lieu of the traditional 

qualitative approaches to marketing. The tmplicat1on of this section is 

that the m4rket analyst should use models, when applicable in his 
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analysis, even though they are not an absolute necessity. Some of the 

advantages in using mathematical models in marketLng are: 

1. Synthesis-- A mathem3tical model syntbeslzes the 
relevant variables so that they may be subjected to a 
variety of statistical inferences. 

2. Comprehension-- The use of models permits a more 
rigorous and clearer statement of marketing principles. 

3. Explicitness-- In order to construct a model. the 
assumptions used in its formulation must be stated in 
symbolic form thereby making them explicit. 

4. Description-- Mathematical models use symbolic 
notation which generally permits a more accurate de
scription of marketing phenomena than those descriptions 
given by qualitative marketing concepts. 

5. Computation-- A model is easily adapted to statis
tical techniques which may be programmed on an electronic 
computer thereby reducing the time involved for a numer
ical analysis. 

6. Data Collection-· The model states explicitly the 
data needed for the analysis therefore eltminating the 
problem of collecting extraneous data. 

7. Depth of Analysis-- The use of a model permits the 
use of advanced mathematical techniques which increase 
both the scope and depth of the analysis. 

8. Extension-- Additions to or modifications of the 
basic model can be made quite easily in order that it 
may be made more comprehensive. 

1.2 The Concept of Mathematical Marketing Models 

The Role of Model Building in Harketlng Analysis 

The first step in the quantitative solution of marketing problems 

by the use of mathematical models is model building or specification. 

The other steps are: estimation, verificatlon,and prediction. Th1s 

chapter concentrates on model building, i.e, specification. ChaptersJ, 
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4, 5, and 6 diseuse and illustrate the techniques involved in the steps 

of estimation and pTedlction. Chapter 7 concentrates on the problem 

of verification. 

In the previous section, a marketing model is defined as a 

set of symbolic relationships which abstracts some phase of the market

ing process. The process of expressing market phenomena in terms of 

mathematics is called specification or model building. Inaccurate 

specification procedures lead to model error which is the most diffi

cult to correct of the three major sources of error in model building. 

Chapter 7 contains a detailed analysis of the major sources of error 

in model building. 

The problem of specification is quite complex in the construc

tion of models in the eocial sciences, in particular, marketing models. 

Each marketing transaction represents a countless number of consider• 

ationa on the part of the consumer. The successful model builder must 

choose the moat pertinent va~iables out of this great number. This 

process is one of the most difficult problems in model building; it is 

the central problem in the specification of marketing models. "Success· 

ful model building requires an artist"s touch, a sense of what to leave 

out if the set is to be kept manageable, elegant, and useful with the 

collected data that are available."l The problem of estimation, 

verification,and prediction are defined and illustrated later in 

this chapter. 

1s. Valavanis, Econometrica (New York1 McGraw•H111, 1959), 
P· 1. 
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Mathematical Models 1n the Natural Sciences 

Since the physl.cal scientist bas been building mathematical 

models for many years, it la natural for the social scientist to in· 

vestigate the methodology of the physical scientist and to use it, 

when applicable~ for the construction of models in the social sciences. 

The dispute concerning the validity 1n paraphrasing natural 

science modele by the use of economic analogies is a lengthy one. 

Some economists state dogmatically that such paraphrasing is without a 

doubt an excellent approach to the development of economic models. 

"Some writers (economists) attempt to distinguish between statics and 

dynamics by analogy with what they understand to be the relationship in 

theoretical physics. That this is a fruitful and suggestive line of 

approach ~ be doubted. 112 

Other economists state that the use of natural science models 

in economics is useless. 

Examples of situations where mechanical behavior models 
are applicable are: chemical systems, biophysical ~stems, 
and types of strueture analyzed in classical physics. 
Unfortunately, however, the conditions under which the 
application of a mechanical type behavior model is most 
useful do not exist in these aspects of the world which 
are studied by economics. The attempt to describe its 
behavior by one of these mechanical models may be con
venient and desirable for many purposes, but it does 
not make for successful prediction, or any kind of 
successful application.J 

Logically the position of the author should be one of reconcil-

1at1on. However, the author is in support of the latter argument 

2P. A. Samuelson, Foundations of Economic Analysis (Cambridge, 
Mass.: Harvard University Press, 1947), p. 311. 

ls. Schoeffler, The Failures of Economics: A Diagnostic 
Study (Cambridge, Mass.; Harvard University Press, 1955), p. 19. 



subject to a few m1nor modLftcotions, i.e., in the op1n1on of the 

author, paraphrasing natural science models leads to the development 

of erroneous market1ng models. S1nce the current d1spute lS one of 

methodology, no attempt will be made to prove the above statement. 

The author LS well aware of the fact that it may be possible 

12 

to paraphrase a natural science model and arrive w1th a mean1ngful 

morkct1ng model. Although this has never been accompllshed, it 1s ab

surd to state that it may be 1mposs1ble to do so. However, ~n econom1cs, 

the Leontief model has had more empirical uses than any other model and 

at no part of its der1vation have analog1es been drawn between natural 

science models and market phenomena. It was constructed from an exam• 

inatlon of pertinent market forces; not a quas1-scicnt1fic approach 

based on forced analogies between economic and natural science pheno

mena. Similarly, those who scate that without doubt, the models of the 

natural sciences will eventually lead to significant advances in mar

keting models are also astray. Although it LS imposs1ble to construct 

marketing analogies of all models in the natural sciences, the con

struction of a particular model 1n the natural sciences is discussed 

in order to give an example of the limitations of the methodology used 

in the construction of social science models. The model to be discussed 

LS the well known ideal gas law. The selection o£ thLs model is not 

the result of a haphazard choice. The prtmary reason for the choice 

of this model is that its assumptions are common to many natural 

science models. Therefore many of the criticisms which apply to the 

ideal gas model also apply to natural science models in general. 
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Although the author has a prejudice before the analysis is undertakenJ 

he attempts to describe those analogies between natural science concepts 

and marketing phenomena Yhich are useful 1n addition to those which 

lead to the development of inval~d marketlng models. 

A Natural Science Hodel.-- The ideal gas la~ is a natural science 

model which relates three important properties of any gas, namely its 

pressure, volume, and temperature. The problem of specification is 

quite simple in the model, i.e., the number of known physical concepts 

which describe a gas 1s considerably smaller than the number of variables 

which may influence the attitude of a consumer towards the purchase of 

a product in the market. 

Therefore, the problem of constructing a model for an ideal gas 

is reduced to obtaining a functional relationship between the specific 

var1ables, pressure, temperature,and volume. 

Consider a rectangular box of volume v containing n molecules. 

The gas exerts a pressure by the bombardment of its molecules on the 

walls of the box. SLnce the molecules move in all directions, and 

since there is no preferred directLon, the pressure on any one face of 

the box is the same as the pressure on the other faces. By definition, 

the pressure P exerted by the molecules is equal to the rate of change 

of momentum per square centimeter of wall. 

If x is the mean velocity component in the x dtrection. the 

change of momentum resulting from the impact of a single molecule under 

consideration is 2mx, where m is the mass of the molecule. All molecules 
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within a distance x should reach each square centimeter of the wall 1n 

un1t tLme. Since there are n molecules in the volume v, it follows 

that~ molecules str1ke the wall 1n unLt time. Therefore 
v 

p 

where 

-2 kT 
X =-

2m 

If N is the number of molecules in 1 mole, and V lS the corresponding 

volume, it follows that 

P
. __ NkT R'I 

-v= v 

R = Nk 

Therefore 

PV = RI 

Equation 1.2-1 is the equation of state for an ideal gas and is 

frequently called the ideal gas law. Actually equat1on 1.2-1 Ls a nat-

ural science model, i.e., it is a symbolic statement expressing a 

unique relationship between specified variables. It can be compared 

·1 with the Leontief model, X ~ (I-A) Y, which is described in Chapter 2. 

Assumptions of the Ideal Gas Model.-- The constructLon of the 

Ldeal gas model involves several assumptions which are analogous to the 

assumption of constant production coefficients and homogeneous output in 

the Leontief model. The baste assumptions of the ideal gas model are: 



1) Intermolecular f~rces arc naglLgLblc 
2) The volume of each molecule 1s a lot smaller than the 
volume of the spnce it J.nhabl.ts 
3) Different forms of energy ~re separable 
4) The energy of the system is d quadratiL functLon of 
1ts corresponding momentum. 

Analog1.cs Between the N.:ttural ScLcnce Models and Morkctlng Models 
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Tl1c illm o( Lhc p1:ev1.ous scct1on ·.1as to present a clcscrlpLLon of 

a t} p1cal modul in the natural sc.1.ences 1n a non-t:uchn1.cal manner The 

3Ssumptl.ons could h.:lVe been stated 1n a mor(! r~gorous (a~hLon by t.tu ... 

usc of fl~thamat1cs. llo,.;ever, the entire dlscuss1.on l.S p1oscnt:ed merely 

as a foundation for tbe toplc of th1s suct1.on wh1.ch l.S an exanl.n..ltlon 

of the mark~tlnb intcrprctatl.ons of the assumpt1ons of the .deal gas 

.noc.l~l 

Assurnpt1on l. The eJ...istcncc of l1qu1ds 1s n real example of 

Lhc fact that attract~ve 1ntcrmolcculor f~rces do cr.Lst between molecules 

even though they do not ~ntcr~ct chemically Thusu Corccs are usually 

called Van dcr ·o~nals forces Ho,o~cvcr, there arc a fc.-1 real gases 1n 

winch c:he :.t.ntarmolecu lar forces are so small thnt the V.ln dcr Haals 

.lorces can he ncgicctcd. lherc!ore. although an ideal gas 1.s nonexl.st-

ent, the r1ont"'l can btl used to explain rhQ phys~cal charactet ist1cs 

of r<!al gases by rclat1.ng them to dCVl8tlons fr.:>m the l.Clcal gas. 

'n analo!:,OUS .lssunptl.on in the c.:>nstru(..tl.0n of roarket1.ng 

m.>dcls lS an absunce of interact1.on bt!tt,.oecn the "omponcnt parts. In 

very few s1.tuat~on~ or~ the market1.ng actlVltlCS of one f~rm 1ndcpend-

ent of the act1.ons of others 
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util~zes this assumption of non-interactLon might be internally con

sistent, as is the ~deal gas model, but Lt would have only a limlted 

degree of appl1cability in the solution of marketing problems, whereas 

the tdeal gas model can be used ~n the physical sciences. 

Assumption 2. The assumption of the small size of each indi• 

vidual atom as compared to the space which it inhab1ts is analogous to 

the marketing assumption of pure competit~on, i.e., each firm in the 

~odel is so small that it cannot influence prlce. In the majority of 

the ~ndustrial applications of the ~deal gas model the assumption of 

the rclatlVC smallness of the atom is not overly restrictive. SL~ilarly, 

the assumptlon of pure competition is not a serious constra1nt on the 

general applicability of Lcontief models. 

Assumption 3. This assumption states that the total energy of 

a system may be separated 1nto its component parts, translational, 

Vlbrattonal, and rotatLonal. The actual separat1on of the total energy 

of any system 1nto these unique categories is nn empirical 1mposs~bil1ty. 

Simllarly, the divisLon of all industries in the economy into sectors 

which produce a homogeneous product, as done 1n the Laontief model, is 

also an empirical unpossibilLty. 

Assumption 4. This assumpt~on states that the energy of a 

system is a quadrat1c function o£ its corresponding momentum. The 

importance of this assu~ption should not be undcrcstlmated. Glasstone, 

an authority in physical chemistry, states that ''the equipart1tion 

principle (which leads to the calculation of X) depends on the partic

ular form of the energy be1ng an exact quadrat1c funct1on of the 
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corresponding coordinate or momentum equation. If this is not the case, 

the principle must inevitably fail, even at high temperatures. ••4 

A similar relationship in Leontief models is the assumption of 

a linear relationship between input and output. Fortunately in the 

case of the Leonticf model) the model will not fail in the absence of 

this linear condition. However, due to the lack of data on the nature 

of production coefficients by industry type, the assumption of constant 

production coefficients is justified. 

Basic Methodological Differences Between the Construction 
of Natural Science and Marketing Models 

The previous section contains an analysis of the similarities 

between the ideal gas model 1 one of the more popular models in the 

natural sciences, and the Leonticf model, probably the most widely used 

econometric model. However, even with this similarity in the nature 

of the assumptions used in both models, there still exist some large 

methodological differences: 

1. The application of linear systemst e.g., network 
analysis, mass transfer systems, and 1 inc>.ar equations 
of state, has more validity in physical science models 
than they have in marl<cting models. 

2. The number of variables in the physical science 
models is smaller than the number used in marketing 
models, i.e., the specifiention problem is more cor.tplcx 
in the construction of social science models. 

3. There is a higher amount of noise (uncertainty) in 
marketing models than there is in the natural science 
models. 

4s. Glasstone~ Theoretical Chemistry (Ne~ York: D. Van 
NostrandJ 1961}, p. 302. 



4. The market analyst is often concerned with transient 
analys~s. Wh~le engineering models also deal with th1s 
subject, generally the classical models of the natural 
sciences do not. 

5 The most rewarding models that may be used by the 
market analyst are closed-loop systems, i.e., they allow 
for informat1on~feedback in the system. Classical 
models in the natural sc1ences are usually open loop 
systems. 

6. Many of the natural science models arc m1cro models, 
for example, the ideal gas model was concerned with the 
bombardment of the sides of a cell wall by 1ndiv1dual 
molecules. However, many market1ng models are concerned 
with aggregate levels of economic activity. 

7. The physicist usually deals with large numbers of 
elements 1n his models so that the introduction of one 
add1t1onal element may be neglected. Consider the 
Maxwell-Boltzman distrlbution law wh1ch gives the most 
probable distr1bution of molecules among the various 
possible indivLdual energy values. at etatistical equi~ 
librium, for a system of constant total energy. In the 
derivation of th~ law the Sterling approximation is 
used. Since n 1s very large, an assumption is made that 
n + 1/2 is nearly equal ton, i.e., (n + l/2) ln n = 
n ln n. 

Unfortunately, the market analyst Ls not always in 
such an ideal position Usually, he Ls construct1ng 
models in an ol~gopolist1c market in which the number 
of firms are small and hence have a direct effect on 
the marketing activities of the other firms. 

8. Some of the earlier models in classical mechanics 
assume that the position and the value of a moving par
ticle can be uniquely determ1ned at a given time. 
Sim1lar conditions never exist in the development of a 
market1ng model The dynamics of parttcle movement in 
classical mechanic models can be compared with the 
changing preferences of consumer$. However, to determine 
the unique posit1on of a consumer on his preference scale 
is impossible w~thout m3k1ng a probabil1ty statement, 
i.e., the market analyst can designate the "neighborhood" 
in which the consumers' particular preference level 
exists, but he cannot g1ve it a unique position 

The theoretlcal physicist argues that this cr1ticism 
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of the lack of probab~lity statements in classical me
chanics lS unwarranted Wlth the development of wave 
mechantcs, commonly referred to as quantum mechanics. 
To a degree the argument of the phystctsts LS correct. 

Frequently, to determine the pos1tion and the 
velocity of a moving particle, a beam of light is 
d1rected upon it. The earlier models of class1cal 
mechanics assume that the partLcle is of maeroscop~c 
size so that the momentum of the particle is not changed. 
However, with the introduction of electrons and atomic 
nuclei into theoretical physics, the parttele is no 
longer macroscop1c but microscopic. With the presence 
of microscoptc particles in the system, a beam of ltght 
would alter its momentum. 

With the uncertainty introduced into the analysis, 
due to the deflection of the partlcle by the light beam, 
the physicism turned to probab~lity statements regarding 
the position and the velocity of a movtng part1cle. The 
results of their investigations have been generalized by 
Heisenberg in the form of the Uncertainty FrtncLple which 
states that if p and q represent two conJugate varLables, 
such as momentum and position o£ any particle, the prod~ 
uct. of the uncertainties cC1 p and D. q s.n the determi
natLon of their respective values is approximately e~ual 
to the Planck constant, i.e., 

~p)(Oq) ~h. 

Even with the introduction of stochastic elements 
into the classical model~ it still cannot be appl1ed 
d1rectly to marketing problems. The Uncertainty Prin
ciple will offer estimates of the relative uncertainty 
ln conjugate observations given the Planck Constant. 
Unfortunately, there are no such parameters which de~ 
~ibe marketing phenomena. At best there are certain 
structural parameters which describe different types of 
marketing activities, however, they are not invar1ant 
with t1me and would not have the same position in mar
keting models as does the Planck constant in quantum 
mechanic models. 

Mathemati~al MPdels in Marketing 
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The author knows of no textbook which describes the basic prin• 

ciples underly1ng the constructLon of marketing models. Therefore the 

purpose of the rema1nder of this thesis is twofold, na~ly, to offer 
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a rigorous statement of the basic princLples wh~ch a marketing model 

should meet and then offer an illustratLve example of the method ~n 

which these principles are used Ln the construction of a mathematical 

marketing model. 

In the past there has been considerable skepticism regarding 

the use of models in marketing. l-tany members of the "old school" 

belLeve that mathematical models similar to those used Ln the natural 

sciences have no role in marketing theory since marketLng phenomena 

are a result of humans who are not amenable to mathemat1cal law, 

Another argument agaLnst the use of models Ln market1ng is that 

intu1tion and past experience are the most important determinants of 

marketing decisions. Therefore, s1nce the intuLtlon of an indLvidual 

1s not likely to be transformed 1nto a mathemat~cal equat1on, the use 

of marketing models in actual business situations is of little value. 

To the mathematically trained, the second argument has l~ttle 

foundation. If the intuitLon of an 1ndividual 1s rel1able enough to 

generate a series of successful JUdgements, i e., if there 1s a un1que 

correspondence between a g1ven event and a g1ven outcome, then thLS 

relat1onsh1p can be expressed by a mathematical relat1on. The only 

problem is that the relationship between the event and the actlon may 

be so complicated that the model used to represent Lt m1ght have to be 

oversimplified, thereby, generating crude estimates of the actual 

s1tuat1ons. 

the first criticism regarding the 1ncompatibil1ty of human 

behavior and mathematical models is out of context. First, no one 
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mathematical model is intended to describe all marketing phenomena. 

What is needed is a plurality of models, i.e.t a series of models each 

of which describes one particular facet of human behavior in the market. 

"Mathematics," said the American Physicist Gibbs, "is a language." "If 

this is true any meaningful proposition can be expressed in a suitable 

mathematical form, and any generalizations about social behavior can 

be formulated mathematically."5 

If one accepts the idea that mathematics is a language, then 

the usefulness of mathematics in marketing should not be questioned. 

It is the belief of the author that if marketing is to generate any 

true principles which .are not tautologies and which are to have direct 

empirical use, then the use of mathematical models is inevitable. 

The Classification of Marketing Models 

Models may be classified in a variety of ways depending on the 

discipline in which they are used. The following table represents a 

possible classification of marketing models. It was constructed from 

a synthesis of the major models used in economics with some of the more 

important conceptual models usee in the physical sciences. 

Abstract or Physical.-- Physical models are replicas of some 

actual object or gJ;oup of objects. An example of a physical model in 

market1ng is a scale model of stockrooms avallable for inventory. The 

manipulation of prototypes representing certain types of merchandise 

aids in an effective use of existing facilities. 

5o. Lerner and H. D. Lasswell (ed.), The Policy Sciences 
(Stanford, Calif.: Stanford University Press, 1951), p. 129. 
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£hysical 

Conceptual Arithmetical 

Dynamic 

Axiomatic 

Q<texm!n!otio I Stochaotio 

Static 

Linear Nonlinear Linear Nonlinear 

Stable Unstable 

Figure 1.2•1. A Schematic Classification of Marketing Models 

An abstact model is one which uses symbols or concepts to 

describe some segment of the marketing process. Reilley's Law of 

Retail Gravitation, which states that two cities attract retail trade 

ftom any intermediate city in the vicinity of the breaking point approx-

lmately in direct propostion to the populations of the two cities and 

in inverse proportion to the square of the distances from these two 

cities to the intermediate town, is an example of an abstract model.6 

Conceptual, Arithmetical, or Axiomatic.·· Conceptual models are 

those stated in the terms of marketing principles. For example, "Adver-

tieing by itself serves not so much to increase demand for a product as 

6~. J •. Kelley, and W. Lazer, Managerial Marketing (Homewood, 
Ill.: R. D. Irwin, 1958), p. 422. 



to speed up the expansion of a demand that would come from favoring 

condltions, or to retard adverse demand trends due to unfavorable 

conditions," is an example of a conceptual model. 7 
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Arithmetical models are constructed by counting results. For 

example, many retail establishments use an automatic re•order plan. 

Such a plan involves the automatic reordering of certain types of mer• 

chandise when the inventory falls below a previously designated level. 

Axiomatic models are mathematical statements which are deduced 

from a set of axioms or unproved statements. They are the form of "if 

X exists then Y follows." An example of an axiomatic model used in 

market analysis is the Leontief model vhich is described in detail in 

the subsequent chapters. It is the belief of the author that axiomatic 

models will lead to the greatest contributions to marketing analysis. 

An acceptance of Figure 1.2-l substantiates this conclusion. The table 

shows that the more important mathematical models are an extension of 

the axiomatic model. 

Deterministic or Stochastic.-- Deterministic models may be 

traced back to the early models of Newtonian mechanics. In essence 

these models show an absence of probability statements. In marketing. 

deterministic models are those taking place under absolute certainty. 

Deterministic models are compatible with those marketing models which 

assume perfect competition in the market since under this market struc· 

ture, each entrepreneur has complete knowledge of his production costs 

and the demand for his product at a given instant of time. 

?R. Bartels, The Development of Marketing Thought (Homewood, 
Ill.: R. D. Irwin, 1962). p. 60. 



W1th the development of quantum mechanics, probability theory 

played a domLnant role in the development of models 1n the natural 

sciences Similarly, with the cons1derat1on of ol1gopol1stic market 

structures, the market analyst was forced to consider dec1sion making 

under conditions of uncerta1nty, 1.e., the entrepreneur no longer had 
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a complete knowledge of the market conditions at a given 1nstant of 

time. For example, the demand for consumer goods may respond to 

expected (uncertain) pr1ces 1nstead of known prices. In order to treat 

the various uncerta1nties in the market, the market analyst is forced 

to develop models with random variables, i e., stochastic models. 

Static or Dynamic.-• Static models are concerned with variables 

which are not expressed as a function of t1me. This does not mean 

that the variables do not change with time, it merely means that 

the observations are taken at a given lostant of time. Static models 

show the1r greatest validity in short-run models 1n wh1ch the importance 

of the tlme element may be minimized. 

Dynamic models are concerned w~th an expllcit consideratton of 

the effect of time on the component var1ables, Dynamic models are of 

part1cular interest in studying the changes in industrial capaclty 

since these are usually long-run phenomena 10 whtch ttme plays an 

influcnttal role 

Linear or Nonlinear.-- Linear models possess two un1que charac

terlsttcs, namely, additivity and homogeneity. If a variable x1 pro

duces an effect a1 when it is used alone, and variable x2 produces an 
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effect a
2 

~Nhen it is used alone, and if both variables x1 and x
2 

used 

together produce an effect equal to a 1 i- a 2 • then the variables are 

said to be additive. Similarly, if the variable x
1 

produces an effect 

a1 and if k1x1 produces an effect k1a 1 , then x1 is homogeneous.B 

Absence of either additivity or homogeneity dunotes nonline~ 

arity. Usually nonlinear models offer a more accurate description of 

reality. Unfortunately, the mathematical analysis involved in nonlinear 

systems is very complex since general solutions to nonlinear systems 

are nearly impossible to obtain. 

Stable or Unstable.-- The problem of stability is an auxiliary 

problem of dynamic models. A system or model is stable if after being 

subjected to some divergence around its equilibrium position. it returns 

to its initial or static condition. Similarly, a system is unstable 

if after a dynamic movement of its components it does not return to its 

~quilibrium position. 

The stability in marketing models can be related to supply and 

demand schedules for consumer goods. Equilibrium between these quanti-

ties occurs when the supply price equals the demand price. If a change 

in price is accompanied by a corresponding change in output, then the 

given equilibrium position is stable. 

The Components of Axiomatic Marketing Models 

Every marketing tnodel regardless of tho degree of its complex-

ity has several common components, namely, undefi.ned terms~ definitions, 

Be. Hadley, Linear Algebra (Reading~ Mass.: Addison-Wesley, 
1.961), P• 2. 
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axioms, postulates, rules of inference, theorems, and lemmas This sec-

t1on describes each of these components The methodology used in the 

development of marketing models 1s deduct1ve, a deduct1ve system lS 

one wh1ch begins wLth ~ group of assumptions from which theorems are 

eventually deduced. 

Undefined Terms.-- Bas1c to any market1ng model are the Lntro-

duct1on and use of some undcfl.ned terms. The ambit1ous but mathemat-

1cally naLve market andlyst may attempt to def1ne all the terms Ln the 

model. Such an attempt wtll g1ve r1se to two d1fferent s1tuattons. 

Ftrst, the defin1t1on of one term wilL lead to the introduction 

of addit1cnal terms which must then be defined. Th1s process may 

cont1nue until there is an 1nf1n1te number of terms 1n the model. 

Second, an attempt may be made to def1ne each term by relat1ng 1t to 

the e~ist1ng var1ables 1n the system. The result of this approach will 

lead to a c1rcular1ty of dehnitions which offer no 1nformation. "In 

general no attempt 1s made to analyze undeftned terms, they are 

accepted as given."9 

DefLnitions.-· As the model 1ncreases 1n complexLty new con-

cepts are introduced. In order to offer a r1gorous statement of these 

concepts, they are def1ned Ln terms of the undeftnablcs. For example, 

Eucltd 1 s def1n1tion of a lLne is that which has no breadth. In thLs 

definition of a line, breadth ts taken as an undefinable 

9J R. Feibleman, "Mathem<ltlcs and Its 1\pplLcattons in thC! 
Sciences," Philosophy of Science, XXIII (1956), 204. 
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~·-- Both the undefined and the defined terms are com-

bined into statements known as axioms. "Axioms are unproved sc.acements 

which are never submitted to any test of truth. The axioms taken 

together are known as the axiom-set. It is the purpose of the axiom

set to y.:teld a great many theorems."10 In essence the axioms of a 

model represent the underlying assumptions upon which it is constructed. 

Postulates.-- Both postulates and axioms comprise all the 
assumed statements of a model. The test determining 
whether a certain assumption is an axiom or a postulate 
will be defined as follows: "If the statement contains 
no undefinables or defined terms of the science itself, 
but only the terms of p~esupposed sciences, then it is 
an axiom; but if it contains a term which is an unde
finable of the system or is defined by the undefinables 
of the system, then it is a postulate.nll 

Rules of Infe~ence.•• After the set of undefined terms and 

axiom-sets are formulated, they must be manipulated in such a way as to 

lead to the derivation of theorems and lemmas. There are two generally 

accepted rules of inference, namely those of substitution and detach• 

mcnt. The p~inciple of substitution states that equals may be substi-

tuted for equals. Detachment implies that whatever follows from a 

true proposition is true. 

Theorems and Lemmas.-- Theorems are statements which are deduced 

from the axioms, postulates, definitions and undefined terms, of the 

system. In mathematical systems, these statements are usually written 

10~., p. 205. 

11c. w. Churchman, Elements of Logic and Formal Science (New 
York: J. B. Lippincott Co., 1940), p.lO. 
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in symbolic form. In marketing, the mathematical statements of these 

deduced theorems are called models. A lemma is an auxiliary or support-

ing theorem 'Which i.s proved in order that the principal theorem may be 

proved. 

Necessary Seeps in the Construction of Marketing Models 

Figure 1.2-2 i.s a schematic representation of the steps invol-

ved in the construction of marketing models. The primary steps are 

those of specification, estimation. verificatio~ and prediction. these 

steps are perfectly general and generate the basic format for the 

construction of many types of models. These steps are used in both the 

construction of natural science models and econometric models.12 The 

methodology illustrated in Figure 1. 2-2 is not exhaustive; ho'Wever, 

it does represent the important steps involved in the construction of 

marketing models. 

(1) (2) (3) (4) 

Specification ---'> 

StructurallEnuations 

Estimation~ Verification_,. Prediction 

LeastJ Maximum 
Squares Like~ihood 

T"' 
.Technological Definitional Behavioral 

r--~ 
Systematic 
Variables 

I 
Random 
Variables 

1 
Endogenous Exogenous 

Figure 1.2-2. Model Building 

12valavanis. 



29 

SpecifLcat1on 

SpecifLcation 1s the most bas1c step Ln the model bu1lding 

process. In economics, the spec1ficat1on problem 1s usually solv9d by 

the mathematical economLst whereas the econometrLcLan 1s usually inter

ested in the last three steps: estimation, verif1cation, and predict1on. 

In the constructLon of a marketLng model, specificatLon is the process 

by wh1ch a market1ng theory is developed and then expressed Ln symbolic 

form. Accuracy 1n specification is of utmos~ importance since 1t 

involves an explic1t considerat1on of those var1ables to be included 

~n the model In this step of the model building process, the market 

analyst must make a cho1ce as to wh1ch variables, out of the countless 

number that describe marketing activity, he believes to be the most 

important for the solutton of the g1ven problem. 

The pinpo1nt1ng of the variables to be considered ~n the model 

is only the f1rst step toward the completion of the spec~fication 

problem. The next step 1nvolvcs the formation of a quantitative 

relat1onsh~p between the selected var1ables. The mathemat1cal rela

tlonshtps between the pertinent var1ables are called structural equations 

because they descrtbe the baste framework of the model. 

Technolog1cal, Definit1onal, and Behav1oral Equations.-- Each 

structural equation may be classified into one of three classes, 

namely, technological~ definitional, or behavioral. Technological 

equat1ons are classLfied accordLng to the nature of their constraints, 

1f the constraints on the equat~on are determ1ned by the technologtcal 
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conditions in the market, then the structural equation is a technolog

lcal equatLon. Technological equat1ons are transformation funct1ons, 

i.e., given a value for the independent var~able, the equat1on makes a 

mechan1cal transformat1on on it with the result that the value of the 

dependent variable is un1quely determined. The productLon function 

d~scussed in neo-classical economics 1s an example of a technolog1cal 

equat1on 

Def1nitional equat1ons owe their ex1stence to the identit1es 

used 1n the model. They represent truisms wh1ch are 1nvar1ant w1th 

t~me. UnLike the technologtcal or the behav1oral equat1ons, the defl

nit~onal equat1ons are not 1nfluenced by the cond1t1ons of the market. 

An example of a definit1onal equat1on used 1n market1ng 1s that the 

total flow of consumer goods is equal to the sum of the 1nd1v1dual 

flows of specialty, consumer and convenience goods. 

Behav1oral equat1ons uescribe the actions of the fundamental 

un1ts. households, and bus1ness firms. in the market. Examples of 

behavioral equat~ons are the demand curves for the consumer and the 

profit maxim1zation equation for the firm. Generally, the accuracy of 

the behavioral equat1ons exerts the greatest 1nfluence on the accuracy 

of the entire model since the error in the technolog1cal or defini

tlonal equations is not l1keLy to be as large as the error in the 

behavtoral equations 

Systematic and Random Variables.-- A set of variables 1s system

atic if the var1ables are def~ned in terms of each other. For example, 

if Y (che dependent variable) is always equal to a times X, the value 
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of Y is related to the value of X in a unique manner A random varL-

able 1s one wh1ch has a probab1ltty dlstrlhutLon and 15 the tndependent 

vartable 1n the system. 

Usuallyt the proper use of random var1ables 1ncreases the 

real1sm 1n markettng models. For example, assume that the demand 

funct1on for some consumer goods lS of the follow1ng form: D c f(P) 

Although demand 19 a funct1on of pr1ce, 1t 19 also a funclton of other 

vartables such as income, taste, and pr1ces of substitutable quant1t1cs. 

Therefore, the equation may be writ~en as· 

D = f(P) + e, where e des1gnates the var1at1on due to these 

''other" forces 

rndo#enous and Exogenous Var1ables.-- All systematic variables 

must be e1ther endogenous or Qxogenous ~ndogenous var1ables arQ 

determ1ncd by the model whereas exogenous varlables are determ1ned by 

f,>rces outsl.de the model. 'fherefore, the values of the exogenous 

var1ables are assumed to be g1vcn Exogenous varLables are independent 

var1ables whereas endogenous var1ables are dependent 

Closed models are self-contatned, L e , all the var~ables are 

end~genous. Therefore values for all the var1ablcs are determ~ned 

w1.th1n the model. O,len models employ both t.Yogenou& and endogenous 

var1ables. The exogenous variables relate behav1oral patternb wh1ch 

arc external to the system to the endogenous variables. 

EstLmatton 

In the first step of the model build1.ng process, specJ.f1.cat1on, 
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pertinent variables (D and P in the previous example) are selected and 

then related in a unique manner. Estimation is the second step in the 

model building process. Every model contains certain structural param-

eters whose values must be estimated. A demand equation maybe of the 

form 

D ; aP + b 

contains the structural parameters a and b and the specified variables 

D and P. It is beyond the scope of this thesis to go into an elaborate 

description of the statistical techniques of estimation since several 

excellent books have been written on this subject. 13 Two of the most 

fruitful approaches are the use of least squares and maximum likelihood 

methods. 

Verification 

Verification, the third step in the model building process, in-

valves a study of the accuracy of the preceding steps. The results 

generated by the model are compared with observed values and their 

difference is recorded. In order to determine if this difference is 

significant certain statistical tests must be employed and a criterion 

for acceptability must be designated. 

Verification is an important step since it gives the market 

analyst some idea of the accuracy of the results generated by the model. 

It gives him additional information so that he can express the results 

of the model in terms of probability statements. 

13valavanis; T. c. Koopmans (ed.). Statistical Inference 
in Dynamic Economic MJdels (New York: John Wiley, 1950). 
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Prediction 

Predict~on, the fourth step ~n the model bu~ldLng process, is 

primarily an organizat1onal step. It Lnvolves a rearrang1ng of the 

model so that it may be su~ted for empirical studies. A typical act~on 

10 this step involves a statement of the model so chat it may be 

programmed on a large scale electronic computer. 

Outline for Subsequenc Chapters 

The following chapters contaLn an applicatLon of the LeontAef 

~nterindustry model to marketLng. The general outlLne follows the 

previously discussed steps in the model building process. The next 

chapter contains the basic theory underlying the construction of the 

model. This 1s the step of specification Following th1s step the 

next chapter dlscusses the statistical est1matlon of pertinent param

eters The final chapters contain studies concerning the validity of 

the model which is the important part of ver1£1catLon The model 1s 

then used to predict industry outputs in Duval County, Florida. 



CHAPTER 2 

THE THEORY OF INPUT-OUTPUT MODELS 

2.1 Historical Note 

Economic historians usually state that Quesnay developed the 

first and most basic input-output model when he published the Tableau 

Economiquc in 175~. Scbumpeter states that Cantillon was the origi-

nator of the table. Although Cantillon did not present his analysis 

in tabular form. his Tableau is essentially the same as quesnay's. 1 

Quesnay's use of the table was quite different from its present 

usc. His purpose in formulati.ng the table was to show that only the 

agricultural industry produced a net profit. Presently, the primary 

interest in the Tableau is due to its contribution to economic method-

ology; therefore, the conclusions drawn by Quesnay are not examined. 

Probably the greatest contribution of the Tableau to economic-analysis 

was that it presented for the first time. a general theory of economic 

equilibrium. ,It showed the relationship between money flows and the 

flows of goods and services, thus illustrating the interdependence 

between the various sectors of the economy. This concept of general 

economic equilibrium was to have far reachLng effects on the writing 

of future economists. 

1J. A. Schumpeter. History of Economic Analysis {New Y,>rk: 
Oxford University Press, 1954), p. 222. 

34 



35 

After the publishing of the Tableau, there were no significant 

contributions to general equ1libr1um theory until 1874 at which t1me 

Walras published his monumental Elements d 1 8conomie Politique Pure. 

The details of Walras's Model are d1scussed in the following section. 

In essence the model determ1nes the prices and the consumer demand for 

economic goods, given their supply and demand schedules, production 

functions, and the utility functions of the consumers. Walras is often 

criticized for not presenting a model which eoutd be substantiated by 

emp1rical analysis. The difficulty in using the model for the solu

t1on of actual economic problems is apparent if an attempt is made to 

obta1n all the relevant information for the construction of the ut~lity 

functions for each consumer and the supply and demand schedules for all 

of the commodities in the economy. However, Walras was an economic 

theorist and did not intend that the model be used for the solution of 

empirical problems. His objective was to show the structural relation

sh1ps between pertinent economic variables and to use these general 

relationships for an illustration of the interdependency between the 

various sectors w~tbin an economy. 

Ic was not until the publ1cation of The Structure of the Ameri• 

can Economy, 1919-1929 by Professor Leontie£ that the theoretical 

system of Walras was mod1f1ed in order to provide solutions to some of 

the most difficult problems ever encountered by economists. The tech

nical differences between the Leontief and Walrasian models are the 

topic of the next section. The input-output model of Leontief is one 

of three baste models used in interindustry economics. The other two 

are linear programming and proccas analysis. 
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"Input-output analysis or the quantitative analysis of inter-

industry relations has in recent years absorbed more funds and more 

professional resources than any other single field of applied eco

nomics."2 However, the model has not been accepted by many members of 

the profession. Ironically, the General theory by Keynes and Leontief's 

paper Quantitative Input and Output Relations in the Economic System 

of the United States were both published in 1936. Both the works of 

Keynes and Leontief have made notable contributions to economic anal-

ysis. The spectacular success of the Keynesian model is now compared 

with the limited success of the Leontief model. 

First, the statistical methods involved in verifying the Keynes-

ian model are trivial compared to those of Leontief's Model. The 

simplicity in the mathematical statement of the Keynesian model permits 

the use of basic statistical tools in determining its validity. However, 

in the case of the Leontief model, empirical verification is quite 

difficult. The data required for the execution of the Leontief model 

are of enormous magnitudes resulting in large expenditures of human and 

financial resources. With the development of the electronic computer 

the statistical advantage enjoyed by the Keynesian model diminishes. 

Another £actor leading to the increased popularity of the 

Keynesian model over that of Leontief 1 s is that the Keynesian model 

deals with the problem of unemployment, which was of primary interest 

2National Bureau of Economic Research, ·Input-Output Analysis: 
An Appraisal. Conference on Research and Wealth (Princeton, N.J.: 
Princeton University Press, 1955), p. 3. 
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1n the thirties. The Keynesian model presented a possible solution to 

a current problem whereas Leontief's model was concerned with the 

balance between industrial output and consumer demand. 

The third factor contributing to the popular1ty of the Keynesian 

model over that of Leontief's is that Keynes, as did many of his 

readers, believed that his model was revolutionary since ~t appeared 

to be in direct contradiction to many of the prevailing neo-classical 

theor1es. Hence his model prov~ded the antL-neo-classicLsts with a 

nucleus around which they could expound their theories. Leontief's 

model, which was formulated on the theories of the class1cal and neo

classical economistS 6 was not of this nature. Leontief's model did 

not refute the Walrasian model but it d~d simpl~fy the model so that 

1t could be used as an empirical tool for economic analysis. Some 

econom~sts doubted that the Leontief model could be used ~n an empir

ical analys1s and therefore classified ~t as a model whlch was not as 

general as that of Walras ~n addit1on to having the same empirical 

disadvantages. 

Although the two models were competing for popularity, the 

previous discussion should not imply that they \llere totally unrelated. 

Both models are involved with an effic1ent allocation of resources, 

hence their ends are identical. The differences between the two models 

are in their means to these ends. The Keynesian model ~s concerned 

w~th the effective allocation of resources by the use of monetary and 

fiscal policies. The Leontief model is also interested in such an 
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allocation and attempts to do so by co-ordinating industrial output 

with consumer demand. A proper use of the Keynesian model provides a 

solution to the cyclical unemployment problem. The Leontief model 

provides a means for maintaining this level of employment. 

2.2 LeontLef's Model: A Special Case of the Walrasian Model 

Schumpeter refers to the Walrasian model as the "Magna Carta of 

Economics" and this is exactly what it is. In this model Walras gave 

a precise theoretical statement of the manner in which the prices and 

the quantities of goods and services demanded in the market are deter-

mined. His approach is to be distinguished from the partial equilib-

rium approach of Marshall. 

"Economics, like every other science, started with the investi-

gation of local relations between two or more economic quantities, such 

as the relation between the price of a commodity and the quantity that 

is available in the market; in other words, it starts with a partial 

analysis, 3 A general equilibrium theory explains the interdependence 

between all economic phenomena. Marshall admits that his theory is 

one of partial equilibrium; unfortunately Keynes's is not as explicit. 

The General Theory of Keynes does not offer an explanation of equilib-

rium throughout the entire econo~; it concentrates on one sector of 

the economy and is primarily interested in the equilibrium of national 

aggregates. Marshall's approach is usually classified as a partial 

equilibrium analysis since it is concerned with the determination of 

3 . 
Schumpeter, P• 242. 
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prices for the output of a firm wh~cb is too small to affect national 

aggregates such as national income and total employment. 

It is interesting to exam1ne Marshall's contr1bution to the 

theory of general equLlibriurn Quite frequently Marshall is accused of 

not contributing any new tools to economic analysis. Supposedly, he 

merely synthes1zed the theories of the classical and marginal utility 

schools. An example of ~ncorrectness of this statement 1s given 1n the 

M3thematlcal Appendix of the Pr1nciples. In th1s discussion he is using 

a system of simultaneous equatLons to show that the wage received by a 

carpenter tends to equal the marginal productivity of his output. He 

then states, 

It would be possible to extend the scope of such systems 
of equations as we have been considering. and to increase 
their detail. until they embraced wtthLn themselves the 
whole of the demand side of the problem of d1stribution. 
But while a mathematical illustration of the mode of 
act~on of a definite set of courses may be complete in 
itself, and strictly accurate within its clearly defined 
limLts, it is otherwise with any attempt to grasp the 
whole of a complex problem of real life, or even any 
considerable part of Lt in a series of equations.4 

It can be concluded that Marshall was aware of the relation of his par-

t~al analysis to a general theory of equilibrLum. H0wever, he was 

doubtful of the results of such an approach, this is obvious when he 

referred to Walras only three times in h~s book, all of which were 

brief unimportant statements. 

Wdlras's System of Equat1ons 

The system of equations used by Walras represents his model. 

4Atfred Marshall, Principles of Economics, 8th ed. (New York. 
Hacmillan Co., 1948), p. 850. 
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It is ~mportant to note that these equations, whkch constitute his 

general equ~l~brium model, are concerned with the general equilibrium 

of production and exchange. Bas~c to this model is the assumption that 

all firms are so small that they cannot influence prices, i.e., the 

model 1s developed under the cond1tions of pure competition. Walras's 

system of equations describes an economy in which each consumer maxi

mizes his mater1al welfare with the land, labor, and capital which are 

ava1lable to him. Walras's model does not have any assumptions re

garding the distribution of wealth, it merely describes the equLlib

rtum determination of prices. 

The Walrasian model can be represented by a set of simultaneous 

equations. Let there be n factors of production (productLve services) 

used ~n the production of m products. These n factors and m products 

will be subject to the following conditions. 

Condition 1 

The quantity of each productive service demanded LS equal 

to the quantLty supplied 

Condition 2 

The quantity of each productive service suppl1ed 1s a 

function of its price. 

Condition 3 

The price of each product is equal to its cost of production. 

Cond1tion 4 

The quant1ty of each product demanded is a funct1on of its 

price. 
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In Conditions l ond 2 there are n equations s~nce there are n 

factors of production. Condit1ons 3 and 4 both have m equations since 

there are m products. Therefore the total number of equations ~s 

n + n + m + m ~ 2 n + 2 m. However, Walras expresses the prices of all 

goods Ln terms of a unit account called a numera~re whose price is 

equated to unity. Since the price of th1s commod1ty LS given by defi-

nit ion, there are only 2 n + Z m - 1 unknowns (n + n + m + m - 1). 

Hence the four conditions generate a system of simultaneous equations 

in which there are 2 n + 2 m equations in 2 n + 2 m - l unknowns. This 

problem can be solved by recogniz~ng that the m equations ~n Condition 

4 are not 1ndependent. Therefore one of these m equat~ons can be 

written for the numeraire. Since the price of this product is given, 

the equatlon for the numera~re in Cond1t1on 4 can be derived from the 

equations for it in Condit1ons 1 and 3. Therefore, the system reduces 

to 2 m - 2 n - 1 equations in 2 m - 2 n • 1 unknowns. 

Although the number of equations is equal to the number of 

unknowns, the solution may not be un~que, i.e., there may be no solution 

or there may be an infinite number. Mistakes of this nature are fre-

quently found in the literature. Marshall is gu1lty of this m1stake. 

He states, "However complex the problem may become, we can see that it 

1s theoretically determinate, because the number of unknowns is always 

5 exactly equal to the number of equations we obtain... The necessary 

mathemat1cal properties of a system of s~multaneous equations, which 

insure a unique solution to the system are discussed later on in this 

thesis. 

srbid., P· 856. 
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The eminent mathematician, Abraham Wald, modified the Walrasian 

model and stated the conditions under which the system would have a 

unique solution. Wald concluded that the quantities and sources of 

both the products and the factors of production can be determined 

given the form of the demand and supply functions for the market, the 

number of factors and goods in the system, the coefficients of produc-

tion and the amounts of productive services held by the individuals at 

the beginning of the period. 6 The complexity of the system increases 

as soon as non-linear equations enter the model. In this case, the 

equations may support the thesis of consistent equilibrium but there 

may be no real solutions. Even if the equilibrium position does exist, 

there is no guarantee of its stability. 

The problem of stability is discussed in Appendix A but a few 

remarks are in order. Usually the problem of stability is studied by 

a partial analysis, i.e., all of the variables in the static model are 

fixed except one. By allowing one variable to change within a known 

range, its effects on the other variables in the system can be deter-

mined. This method of partial analysis in general equilibrium models 

is one of Leontief's great contributions. 

Deficiencies in the Walrasian System 

This section contains a discussion of the shortcomings of the 

Wulrasian model. Walras was a\~are of these deficiencies, however, he 

had to make certain assumptions in order to construct the model. The 

5o. Morgenstern, Economic Activity Analysis (New York: 
John t.Jiley, 1954) p. 13. 
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restrictions in the Walrasian model are of interest for several reasons. 

First, Walras's model is one of the first models of general equilibrium, 

therefore his model serves as a basis for many economic models. Unfor-

tunately many of the deficiencies inherent in his model are passed on 

to other economic models. Second, with the recent advances in mathe-

matical theory and electronic data collection, some of the restrictions 

may be eliminated and lead to a more general theory of equilibrium. 

Third. many of the restrictions may be solved by a partial equilibrium 

analysis; traditionally, economics has used this approach in lieu of a 

general equilibrium analysis. Therefore, an examination of the restric-

tions and limitations of the t-lalrAsian model may lead to a closing of 

the widening gap between the mathematical economist and his normative 

colleagues. 

Linear Homogeneous Production Functions.-- The Walrasian system 

is determinate, if the production functions are linear homogeneous 

entities. The assumption of linear homogeneous prodcction functions is 

an excellent example of the deficiencies in the Walrasian model which 

are passed on to other models, the most striking example being the 

Leontief model. Consider the following production function 

x = f(x1, x2, . . x
0

) 

Hhere xis equal to the output produced from the input (x1 , x2 , •.•• x0). 

"A function f of n variables x1 , x2 ••• xn is called homogeneous 

of degree m, if upon replacement of each of the variables by an arbitrary 

parameter k times the variable, the function is multiplied by km ... J 

7t. S. Sokolnikoff. Advanced Calculus (New York: McGraw-Hill, 
1939), p. 75. 
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Therefore, the above production function lS homogeneous of degree m if 

f(kx1 , kx 2, ... kxn) "'km f(x
1

, x2 , . x
0
). 

This implies that 

If the production funct1on lS homogeneous 

hence 

~ is a constant. ok 
The econom1c interpretation of th1s result is that a l1near homogeneous 

production function leads to a constant return to scale. The above 

analys1s assumes that the partial der1vatives are continuous, i.e., 

the 1nputs and outputs are variable so as to lead to a continuous 

product1on £unction. This implies that there is a cont1nuous substi-

tution of the factors of production. The Walrasian model does not stop 

with the assumption of constant returns to scale, it also assumes that 

the productLon coefficients are constant. Generally w1th the assumption 

of constant coefficients of production, there is no substitution between 

inputs in the production function. ConsLder the general functLon 

The term a 1J 1s the technLcal coefficient wluch 1s assumed to 

be fixed. The greatest d1sadvantage in assuming constant activity 

eoef£1cients is thet it prohibits subst1tutab1l1ty among 1nputs and 

changes in productivity. The validity of this assumpt1on is discussed 

when a similar assumption made by Leontief is sub;ected to an empir1cal 

invest1gation. 
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In both the Leontief and the Walrasian systems the firm has al-

ready made its choice regarding the nature of the production process 

to be used. Therefore, the assumption of fixed production coefficients 

is not as stringent as it appears to be. The development of linear 

programming has eased the rigidity of the constant productivity assump-

tion. The application of linear programming techniques to all the 

possible processes available for the production of the output, leads to 

an optimum combination of the inputs, given some objective function to 

be maximized or minimized. 

A linear homogeneous production function coupled with the 

assumption of constant activity coefficients will guarantee a unique 

solution to the Walrasian system; however, this is not the only condi-

tion for which the system is determinate. Rogin states that 

with complete variability in the proportion of inputs 
(premised on complete divisibility and mobility of 
economic resources) Walras's mechanism of competition 
still assures a determinate solution for price and 
output in the markets for all commodities premised 
upon the determinate equilibrium output of each firm. 
The essential condition is that in the context of each 
firm the dosing of each factor service be accompanied 
by decreased incremental returns.B 

Incremental returns should be distinguished from proportionate returns. 

Tha former refer to the rate of variation of output associated with 

the variation of input of a factorJ the latter to the ratio of the 

proportional (percentage or average) change of output to the proper-

tional (percentage or average) change of input. 

~eo Rogin, The Meaning and Vnlidity of Economic Theory (New 
York: Harper Brothers, 1956), p. 439. 



A Stacie Equilibrium Model.-- The model of Walras is a static 

equilibrium model since none of the equations is a function of time. 

This is a serious restraint since many sectors of the model are depend-

ent on the time variable. Consider the investment sector. Future 

investments are a function of future expectations concerning the 

general price level and the interest rate. These future expectations 

are a function of time which is not present in the Walrasian model. 

Therefore, the elimination of the time element from the tJalrasian 

model seriously restricts its use as an empirical tool of analysis. 

Previously, the conditions were stated upon which the Walrasian 

model was constructed. Two of the conditions were an explicit state-

ment of the assumption that supply and demand were a function of only 

price; thereby impl~ing that these schedules were determined only by 

current prices and were invariant with future prices. 

The Existence of a Unique Solution for the Walrasian System.--

Walras assumed that since his system had a number of independent and 

consistent equations equal to tho number of unknm~s the solution would 

be unique. However, the solution may be unique but there is no guaran• 

tee that the solution will be non-negative which is essential for a 

proper economic interpretation of the results. Wald modified the 

Walrasian system by ignoring the marginal utility functions and assum-

ing that the factors of production were given. He then proved that if 

the following conditions are fulfilled the Walrasian system has a unique 

non-negative solution set.9 

9R. E. Kuenne, "Walras, Leontief, and the Interdependence of 
Economic Activities," The quarterly Journal o£ Economics, LXVIII (1954), 
345. 
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1. The production coefficients are non-negative. 

2. The suppl1es of the factors of production are non-negative. 

3. At a min1mum 1 one factor of production 1s used in the pro
duction of each commodity. 

4. The rank of the activ1ty matrix 1s equal to the number of 
productlvity factors. 

5. The demand functions are continuous and pos~tive for any 
finite prLce. 

Stability of the Walrasian Model.-- Another criticism of the 

Walraslan model is that it fails to relate the changes in the supply 

and demand funct1ons to the original state of equilibrium Walras was 

confused Ln his attempt to relate stabillty to the ex1stence of a 

unique solution set A stat1c approach to both problems is overly 

restr1ct1ve, i.e., a unique solution to the system is not a sufficient 

criterion for stability. The problem of stabLlity ean be properly 

analyzed by the consideration of dynamic extensions of the model 

Walras did consider the effects of disturbances such as price 

changes in his system, but he failed to state explicitly the path of 

the transition. He did not describe the relation of the new equili~-

r1um posltion to the orig1nal one. There is no guarantee that a 

d~vcrgence from the original equil1brium position in the Walrasian 

model WLll move back to the original static position. 

The problem of divergences around a gLven equilibrium position 

stresses the need for a dynamic ~nterpretatlon of the Walrasian model. 

A stable equtlibr1um position when subjected to disturbances is one 1n 
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which the end results of the d~vergences lead back to the static equilib

rLum position. However, these divergences are dynamic and must be 

subJected to one analysis, not by the static approach used by Walras 

in whLch he attempted to relate the existence of a unique solution to 

stability. 

A Purely Competitive System.·- Basic to the construction of 

the Walrasian model ~s the idea of pure compet~tion. The previous 

analysis contains a discussion of the determinancy of the system given 

this basic assumption. However, with the introduction of oligopolistic 

elements into the model, the solution is no longer determinate. 

In the oligopolistic vers~on of the Walrasian model the 

assumptions of fixed product1on coefficients and constant returns to 

scale, along with the other conditions previously described, ~o longer 

lead to a determinate solution for several reasons. First, there is 

an increase in the number of var1ables in the system due to the variety 

of products in an oligopolist1c market. Therefore, depending on the 

nature of the model 1 many additional variables will be introduced. 

Second the structural relationships in the economy become complex 

due to the coalitions in the oligopolistLc market. Many of the mathe· 

matical relationships in the model would have to be expressed as non• 

linear polynomials. 

A partial answer to the oligopoly problem ~s to use game theory 

for the construction of the model. Conceptually game theory could deal 

with the problems introduced by labor un1one, consumer cooperatives, 
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and other coalitlons in the market However~ game theory as lt ex1sts 

today, is in a prLm~tive stage and not directly applicable to the 

Walras1an model SLnce the number of participants in the game are 

limLted to a small number. However, 1t 15 s1mpler to construct a 

new model from the theory of games than it would be to mod1fy the 

existJ.ng t.JcJ.lrasJ.an model, so that it would be applicable to an oll.gop

olistJ.c market. 

The Slgniiicance of w~lras•s ContrJ.butl.OO 

The previous discussion of the shortcomings in the Walrasian 

system should not imply that the model i.s not a valuable tool of 

economic analysis, it merely describes those assumptions in the model 

wh1ch limit its generality. One of the greatest contr1butions of the 

model l.S that it synthesized many of the partLal equLlJ.brLum theories 

lnto one un1fied body of thought. For example, the theory of marg1nal 

product~v1ty may be obtaLned from the general model of Walras by 

el1m1nating the assumption of constant productLon coeff1c1ents 

Partial equilLbr1um theor1sts are aware of the lim1tat1ons of 

their analysis. Walras provided a model which would overcome the 

maJor object1ons of part~al equ1l1brlum analysis since hi~ --J~• ~on

siders the interdependenc~ ... :: --... uvmLC phenomena. Although the various 

--~~vlt1es Ln the economy are related by na1ve mathematical functions, 

the general relat1onsh1ps do exist. 

The model also specif1es some of the more influential vari

ables on the level of econam~c actlVLty. The scope of the model can 
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be expanded to cover a larger number of sectors in the econo~; however, 

extensions of this type would involve the addition of many variables to 

the model. Since the equilibrium model of W~lras is general, these 

additional sectors may be added without any conceptual changes in the 

construction of the model. 

The model of Leontief which is discussed in the next section, 

is derived from the Walrasian model. Essentially, Leontief converted 

the theoretical model of Walras into an empirical tool for economic 

analysis. A practical application of the lialrasian moclel is of extreme 

importance since it is useful for prediction, the goal of any science. 

In order to construct his model, Leontiof had to make some general 

modifications of the Walrasian model which included: 10 

Aggregation.·- Walras did not consider the problem of aggrega

tion. the details of which are discussed in a subsequent chapter. With

out aggregating the input data to the model, each product and each 

factor of production within the model would need an equation. For 

example, if there were 1,000 products and 100 factors, which is very 

small for any realistic economy, there would be 2,199 equations and 

unknowns in the system. Even with high speed electronic computers, 

the solution to this system of equations would be tedious, if not 

impossible. 

f>farginal Utility Funccions ... Walras paid little attention to 

the accessibility of information on marginal utility functions which 

10 o. Morgenstern, p. 22. 



are difficult to measure in practice. Market demand and supply 

functions may be directly related to utility functions by assuming 

each consumer maxim1zes his utility. 

Sl 

Free Competition.-- Since the assumption of free competition is 

made in the Walrasian model. this divergence from ~eality should be 

corrected when the model is placed into use. One method is to use 

empirical demand, suppl~ and production functions. The advantage in 

thts approach is that these functions are descript1ons of reality; 

they can take into account the existence of partial and complete 

monopolies. 

The Der1vation of Leontief's Model [rom the Wdlrasian §yatem 

The object of th1s section is to show that a proper mod1f1-

cation of the Walrasian model will lead to the Leontief model. 

Leontief's model is the first modification of Walras•s general equil1-

br1um model which can be subJected to empirical verification. However, 

this modification is achieved by a loss of generality. Walras•s model 

1s a closed static model since it does not conta1n an exogenous sector. 

An exogenous sector is one in which the flows are obtained from an 

independent analysis before they are used in the model. Leont1ef 1 s 

model is open sinee it has an exogenous sector. One of the prtmary 

d~fferences between the elosed model, which has only an endogenous 

sector, and the open model, is that all of the production functions 

are not considered to be constant in the open model. Presently, 

research is being performed with the Objective of closing the Leontief 

model in order to approach Walras• general thoory of equilibr1um. 
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In an early part of thLs section four conditions were stated as 

the bas1c foundatLons of the Wairasian system. Although not explicitly 

stated, but inherent Ln the analysis, was the assumption that each 

individual acted in such a way as to maximize his position (for example, 

profits, or utility) Walras also assumed that the institutional 

setting, quantity and quality of productive resources, consumer tastes, 

and other pertinent data were given. 

Leontief made the follow1ng mod1f1catLons to the Walrasian 

1. Each industry produces only one product. 

2. There is no explicit use of utility functions. 

3. The quantitLes of factor services supplied are not 
expressed as a mathematical function of price. 

4. The quantLties of products demanded are not expressed 
as a mathematical funct1on of price. They are usually 
placed in the final demand category and are taken as 
given data. 

5. The technical coefficients of each industry are fixed. 

6. The interest rate 1s known. 

7. Labor is the only pr1mary (non-produced) 1nput. 

8. The number of inputs is equal to the number of ouputs. 

9. For the period under consideration, the total output of 
any good i~ equal to the consumptton o£ that perLod 

10. The input of cap~tal ~s a fixed proportion of other Lnputs 
Therefore, inventor1es may be counted as one of the other 
Lndustries 1n the model or it may be ~nciuded as an 
element of the f~nal demand figure. 

By apply1ng these assumpt1ons to the system of equations representing 



the Walrasian system, Leont1ef der1ved the model which is described 

in the next section. 

2.3 The Basic Model 

Introduct~on 
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As an economic un1t increases its productive capacLty there LS 

a tendency for the division of labor to show a comparable increase 

An increase ln the divislon of labor for any society produces an lnter

dependence between the producLng and consuming sectors. Interdependence 

is the sy~tem of relationships which describes the complex activ1t1es 

Ln an economy. 

An infinLte number of statements can be ~vritten to describe a 

particular segment of the ec~nomy. The cowbtnation of all statements 

leads to a general model of soc1al behav1or The Leont1cf model does 

not prelend to have th1s un1versal1ty, s1nce lt concentrates on the 

econom1c sector of society. The relatLonships in the model are not 

expl1citly related to the ideals, mottvations, or the noneconomic inter

est of the indLvLduals within a society 

The primary obJectLve of the model 15 to relate by quantLtatLve 

relatlanships, the demand for finished products with the available 

agents of production. land, labor, and capital. In a complex indus• 

tr1al society. there is no establLshed connect1on between the demand 

for products and the aggregate amount of resources requ1red for the 

fulfLllment of this demand. Usually the production of any product a 1 

requires raw matcr1als in the form of other products b1 , b2 , ... bn. 
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However, the production of each of the original input products, b1 , 

b2, •.. bn requires input products o£ the form c 1 , cz • . en. 

This process may continue ad infinitum. There are several advantages 

in using a mathematical model for expressing the complex chain reaction 

between inputs and outputs. The model is quite useful ~n forecasting 

output, employment, and income levels for a given level of demand. 

Information of this type indicates which sectors of the economy have 

an excess of deficiency in manpower and financial resources. For 

example, in the early thirties there was a controversy between the Works 

Project Administration and the Public Works Administration concerning 

the effect of different types of expenditures on employment levels. 

The Works ProJeCt Adm~nistrat1on wished to spend the ma)or~ty of its 

funds on wages and only a l~ited amount on materials. Conversely, the 

Public Works Administration was in favor of large expenditures for 

construction materials and limited expenditures on d1rect wages. To 

resolve the problem the Construction Division of the Bureau of Labor 

Statistics was asked to compare the effect of direct work rel1ef expen

ditures and expenditures for public construction projects on employment 

levels. The use of basic interindustry techniques solved the problem. 

In the last 20 years, considerable research has been undertaken 

to extend the use of Leontief 1 s model. The f1rst mAJor extensLon was 

the application of linear programming techniques to input-output anal

ysis. The use of this technlque permits a consideratlon of the sub-

5t4tutability of inputs in the model in order to maximi%e some economic 
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obJective function. 
variety of input schedules which witt meet the g~ven demand requite• 

menta. the tinear programm>ng approach wilt genetate a solutton wb~cb 

Given a consumer demand schedule, there are a 

determ1neo the optunum 1nput schedule given spec1f1c cr1ter1a to meet, 

such as max~mum empLoyment. 

is the method of process analys1s, wh1ch is concernod with a decailed 

The second and most recent 1nnovation to 1nput-output analysis 

·~~dy b< -~~ tP~hn1cal processes of production and relates such activ• 

1L1es to output, cmplo~mcnt,and income levels. Process analyS4S is not 

l1m1ted to the uQQ of linear model&· However, the majority of work to 

date involves such an assumpt~on. 

Transactions Table 

Basic to any input-output model is a transactions table. The 

table merely represents a double entry bookkeeping system applied tO 

~ndustry purchases and output~. The transactions ~able is oEten called 

a transaction matr~x since it leads to the development of equations 

Wh1ch are usually expressed in matrix form. Table 2.3-1 is a schematic 

arrangement of a transaction table. 

table is divided ~nto four ar~itrary 

have no effect on the analysi~. 

I 

For purposes o£ discussion . th~ 
sectlons called quadrants which 

Quadrant II.-- The total value of the output of Lndustry 1 1S 

represented by xl. The corresponding x 12 represents the output of 

Lndustry 1 that goes to Lnclustry 2 and x , 13 represents the output of 

Lndustry l that goes i nto industry 3. The general term x is th , iJ' e 
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output of industry i going to industry J• The same analysLs applies to 

the industries in the final demand sector. Therefore an examination of 

all the x 's describes the nature in which the output of each industry 
LJ 

is d1str1buted. This analysis may be applied to each row in the trans-

act1ons table. 

The preced1ng analysis is based on a consid~rat1on of tl1e row 

entries in the table. However, a similar analysis may be applied to 

the column entries. In column 3, x3 represents the total purchases of 

1ndustry 3. In the analysis of row entries, it was concluded that x13 

represented the value of goods produced by industry 1 and purchased by 

industry 3. In the analysis of column entries it represents the pur-

chases of industry 3 from 1ndustry 1. Likew1se x23 , which Ls the next 

entry in column 3. represents the purchases of 1ndustry 3 from industry 2. 

An analysis of column entries shows the distribution of an industry's 

purchaseswhereas the corresponding row entries show the distribution 

of the 1ndustry's output. 

An examination of the table sh~~s that the total output of an 

industry LS equal to its total purchases. This occurs if the inter-

1ndustry flows are measured in money terms. not physical terms If 

such a convention were not adopted, column totals would have no meaning 

since the output of one industry may be in tons and the other Ln 

thousands of unLts. Therefore, Slnce every sale Ls a purchase, row and 

column totals are equal. In a later dLscussion. the above cond1tion is 

found to generate a matrix in wh1ch the columns are stochastic. 
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Another defin1tional problem to be exam1ned 1s that of 1nter1n-

dustry flows. Each x1j represents an inter1ndustry flow, i.e., the 

flow of goods from 1ndustry ito industry J• However, for l=J, 1.e., 

Xil• the term becomes an 1ntra1ndustry flow. The term x22 represents 

the output of industry 2 used by 1ndustry 2. For example, the chem1cal 

industry produces polyhydr1c alcohols such as ethylene glycol and 

pentaerythlritol, both of wh1ch are used in the manufactur1ng of many 

other chemicals. In some 1nterindustry models, the term xi1 1s cons1d• 

ered zero and the corresponding changes are made to the input and output 

totals, this convent1on is not used 1n the present model. 

Another polnt to remember lS that although there 1s an equal 

number of rows and columns, the matr1x 1s not symmetr1cal, i.e., x1J 

6 xJi' This 1s reasonable, since there 1s no reason that the output 

of 1ndustry 1 to 1ndustry J should equal the output of industry J to 

industry i. 

In the preccd1ng discussion, the interindustry flows were called 

x1J. They represent the input from industry 1 to industry j. In the 

X 
equation~= a 1J, a 1j is called the act4Vity coeff~cient. It repre-

J 
sents the input from industry i per un1t of output from Lndustry J• 

Therefore, the act~vLty coefficient may be obtained by d1v1ding each 

element in the transactions table by its column total. the preceding 

equat1on can be wr1tten as x4J = dijXj The econo~ist wlll recognize 

th1s as a lLncar homogeneous product1on functton. Although activ1ty 

coeffLcients may be calculated for all industr1cs, only those in the 

endogenous sccto1 (Quadrant II) are considered to be con~tant. Th1s 

is a very Lmportant assumptLon 4nd is discussed in detail in subsequent 
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chapters. The only reason for including Lt in the present discussion 

ts to offer some meaningful criteria for distinguish4ng the endogenous 

sector from the exogenous sector, Quadrant 1. 

Quadrant 111.-~ As an aggregate, the elements in this quadrant 

approx1mate the value added by each industry. Since Xj represents the 

value of the total output and x1J (j=l , • . • n) represents interin~ 

dustry purchases, their difference is equal to the value added by 

manufacturing, l.e., the difference between the value of shipments and 

cost of materials, includ1ng other related cos~such as containers and 

supplies. The entries 1n Quadrant III, with the exception of Govern

ment and Imports, are often called primary inputs stnce they usually 

give r1se to prof1ts, wages, and salaries. 

Quadrant IV.-- The data in Quadrant IV are not used in the 

basic model or any of its applications. The only reason for includ1ng 

it lS to illustrate the complete breakdown of interindustry transact1ons, 

tn many transaction tables it is not listed. The entries in th1s quad

rant represent the primary inputs to the final demand sectors. Although 

thls information has lLttle use in Lnterindustry analys1s, it is quite 

~portant in analyzing national income data. 

quadrant I.~- In the following chapters, the column entries in 

this quadrant comprise the exogenous sector of the model since they are 

external to the industries which form the transactions matr1x. The 

industries in the transactions matrix, the fLrst n columns and the 
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fLrst n rows, are usually denoted as the endogenous sectors of the 

model since they are the only manufacturing industries in the trans

actions matrix. The exogenous sector is occasionally called the f~nal 

demand or bill of goods. The endogenous sectors are often called the 

processing sectors A& stated in the d1scusslon of Quadrant II, the 

activity coefficients for the final demand sector are not consLdered 

to be constant, i.e., the input to the industry is not a lLnear func

tlon of 1ts output. 

The elements 1n the exogenous sector of the model are often 

called "autonomous" elements to emphasLze their independency from the 

endogenous sector. They are independent since there is no predeter

mlned output from a g1ven input. An excellent example of a final demand 

sector is the government entry. The column titled Government ind1cates 

that portion of an industry output which 1s purchased by the govern

ment. S1nce the actions of the government do not depend on any tech

nical process, its activity coefficient i& not considered to be 

constant. The government's purchase of the output of any industry ~s 

~nfluenced by political, social, and financial pressures. However, in 

the endogenous sectors these condit1ons do not exlst. For example, the 

input of steel to the automobile industry LS more likely to be a constant 

percent of its output than will be governmental expend1tures for the 

products of the steel industry. 

A Mathematical Statement of the Mvdel 

Consider a transactions table with four industries in the 
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endogenous sector The final d~mand lS considered as one sector and 1s 

expressed as an aggregate value. The following equations are obtained 

by adding all of the elements in each row: 

xll + xl2 + x13 + K14 + yl = xl 

xzt + x22 + xz3 + )(24 + y2 .{2 
I 

x3l + x32 + X33 + X34 + 'i3 = x3 

x41 + "42 + X43 + x44 + y4 = x4 

Where: 

xiJ • the output from Lndustry i to industry J 

Yi = the f1nal demand for the products of 1ndustry 1 

Xi : gross OUtput of industry L 

One of the primary objectives of input-output analysis is to 

determine the output required from each 1ndustry given the final demand 

and X4· An examination of the equation system will reveal the presence 

o£ twenty unknowns and four equations. 

Assuming that the equatl.ons are independent and consistent, 

sixteen add1tional equat1ons are needed in order to obtain a unique 

solution. These add1tional equations may be obtained from the produc-

t.1.on funct1.on for each 1ndustry. 

Since a1j == ~ 
Xj 

xiJ = a 1Jxj 

Then 
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III 

IV 

a = 

Let: 

xzl 3 21X1, xzz = a22X2, x23 = 2 23X3; Xz4 = 8 24X4 

x3L 8 31Xl, x32 = 8 32X2' x33 ~ 4 33X3' x34 = 4 34X4 

x41 = 4 41X1, x42 3 42X2; x43 8 4JX3• x44 ~ 8 44x4 

Substituting equat1on Set II into equat1on Set I, 

3 llxl + 8 12x2 + 8 13x3 + 4 14x4 + Yl = xl 

8 2lxl + a22X2 + 4 23x3 + 8 24X4 + Y2 X2 

3 3lxl + a32X2 + 4 33x3 + 4 34x4 + Y3 = X3 

84lxl + 4 42x2 + 4 43x3 + 4 44x4 + Y4 x4 

Equation Set III may be wrLtten as: 

(l-au)Xl -a12Jo..2 -a14X4 = Yl 

-a2lxl + (l-a22)X2 -a24x4 Yz 

-a32X2 + (l·a33)X3 -a34X4 ~ Y3 

·a4zX2 ·a43X3 + (l-a4l,)X4 = Y4 

DefLne, a, as the matr1x formed by the actLVl.ty coeffu:ients 

(1-all) 

-a2l 

-aJl 

-a41 

-al2 

(l-a22) 

-
8 32 

-a42 

-a 
13 

-
8 23 

-a33 

-a43 

I equal the identLty matrix 
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l 0 0 0 

0 l 0 0 
I = 

0 0 l 0 

0 0 0 1 

Y equal the column vector of final demands 

yl 

y 
y2 

y3 

y4 

X equal the column vector of outputs 

X 

Therefore 1n matrix form equat1on Set IV may be wriLten as 

(I-a) X ~ Y 

(2.3-1) X (I-a}-1Y 

Equat4on (Z 3-1) 4S the input-output model. G1ven a vector Y 

repr~sentLng the final d~manc for each industry and the 1nverse of (l·a), 

the output of each 1ndustry 1s obta1ned from 1ts product. Equat1on 

(2.3·1) applies Lo a n by n matr1x and is not restrLcted to the four· 

Lndustry example. 

Thls secL1on has d1scusscd the elementary propert1es of the 
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model. No attempt has been made to discuss the static, dynamic, open, 

closed, or other important properties of the model. These topics, in 

addition to other applications of the basic model. are dLscussed in 

the Appendix. 



CHAPTER 3 

THE PROCEDURE FOR THE CONSTRUCTION OF AN INPUT-OUTPUT TABLE 

3.1 Introduction 

Basic to the application of any inter~ndustry model is the con

struct1on of an input-output table. This chapter d~scusses the method

ology Lnvolved in the constructlon of s~ch a table, and the next 

chapter conta1ns a numerical example of the procedures outlined in 

thLs chapter. The data in an input-output table are class1fied ~nto 

one of three general sectors· endogenous (1nterindustry flows), 

e~ogenous (f1nal demand), and gross output. Therefore, the procedures 

descr1bed 1n this chapter begin '~ith an estimation of gross output and 

then proceed to a d1scussion of the methods involveQ in estimattng the 

endogenous and exogenous flows. One of the prkmary objectives of th1s 

thes1s Ls to discuss the appllcatlons of the inter1ndustry table to 

market analysis, therefore this chapter contntns a description of the 

methodology Lnvolved in converting gross outputs to employment and 

lncoroe data for a given region. 

Exclusive Use of Secondary Data Sources 

The input-output table is constructed from secondary data. Pri

mary data need no transformation and may serve as lnput to the model in 
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~ts ex4st1ng form, secondary data must be modified before they can 

serve as input to the model. Secondary data are mod1fied by applying 

specific transformations to them with the hope that the transformed 

data will be the same as primary data. Unfortunately the maJority of 

the transformations are not 100 percent eff1c1ent, i.e., the modified 

secondary data are not ident1cal to the primary data. 
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Obviously, primary data are used when they arc available or 

when they may be obtained at a reasonable cost. \~en th1s condit1on 

does not ex1st 1 secondary data are substituted for primary data. In 

the present study, the pr1nciple reason for us1ng secondary data in 

lieu of primary data is the element of cost. The requ1red primary data 

would have to be acqu1red by interviewing each f1rm in the sample and 

then aggregat1ng the data by industry type. Th1s operat1on is very 

expens1ve since the interviewer may have to spend several days with 

each firm in order to receive accurate responses in the questlonnaire. 

For the numerical example in the next chapter the scope of such a 

study has been compared WLth that of similar studies in order to ob• 

ta1n a rough estimate of the cost involved in such an undertaking. As 

a result of this 1nvestigation, it is concluded that the anticipated 

study would cost $25,000. The basic model was constructed from secon

dary sources since these funds are not available at the present time. 

The substitution of secondary data for primary data is not a 

serious restraint on the analysLs of Lnterindustry models since the 

major object~ve of this study is to exam1ne the methodology involved 

1n analyz1ng the results obtained from an interindustry model. ~ 
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methodology involved in the analysis of the results of the model are 

perfectly general and independent of the data sources. Therefore, the 

methodology employed in thia thesis is unique in that the entire input

output table was constructed from secondary data, which climinaled the 

need for a costly questionnaire survey. 

Limitations on the Use of Secondary Data Sources 

From the previous discussion it is evident that in general the 

use of primary data obtained from a survey is preferable to data ob

tained from secondary data sources. However, the· use of primary data 

does not insure a greater accuracy in the results generated by the 

model than does the use of secondary data. The use of data obtained 

by the use of a poorly designed questionnaire or an unrepresentative 

sample may introduce greater error into the results than does the use 

of secondary data. There are several reasons for this phenomenon. 

First, the major sources of secondary data are governmental agencies 

who have the resources and experience needed for an accurate collection 

of data. Usually those engaged in local regional studies are limited 

to the amount of resources available for data collect1on and therefore, 

cannot be as exhaustive in their analysis as comparable studies con

ducted by governmental agencies. Second, local regional studies are 

usually conducted by small interindustry groups who have to supervise 

many steps of the construction of the model. Therefore, the data 

collection procedures may be subjected to various inaccuracies resul

ting from a lack of experience and the improper supervision of field 

personnel by the interindustry 8roup. 



However, if the sample is chosen with a reasonable degree of 

accuracy, an ~nput-output table constructed from primary data is far 

super~or to that constructed from secondary data. Pr~mary data are 

obtained by a survey of the f1rmswith1n Lim reg1on, secondary data 

usually apply to some area larger than the region under consideratLon 

and must be scaled down so as to apply to the part1cular region for 

which the model is being constructed. The disadvantage 1n construc

ting an input-output table based on primary data is the time and 

expense involved in the collection and aggregation of the information 

obta~ned from the field survey. 
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The most serious limitation in the subst1tution of secondary 

data for primary data is that the scope of the 1nferences based on the 

output of the model may be limited. This presents no restrictions on 

the methodology but Lt does l1mit the applicability of the results 

for the solution of specific problems. 

The Advantages in Using Secondary Data Sources 

One of the greatest advantages 1n the use of secondary data as 

a subst1tute for primary data Ls that Lt permits an Lndividual or a 

very small interindustry group to construct a prelimLnary model which 

does not require the vast quantity of resources demanded by a field 

survey. 

Another advantage 1s that a pilot study based on the construc

tion of a preliminary model using secondary sources is invaluable. A 

pilot study requires a thorough investigation of the existing sources 
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of data, the outcome of such an investigation permLts a more intelli

gent design of the questionnaire to be used in the survey. A pLlot 

study which is made prev1ous to performing the survey will also pLn

point some of the major problems that the interindustry group are going 

to encounter. It is almost impossible to foresee all the problems 

wh1ch will occur by merely examining other interLndustry atudLes. De

pending on the objectives of the study, a pilot study may offer a 

solution to the given problem and thereby eliminate the survey in tts 

entirety. 

The Purpose of a Numerical Example 

It is possible to describe the operation of the model WLthout 

us1ng a numerical example; however, there are several advantages 1n 

this approach First, the use of a numer1cal example permits a de

tailed description of the methodology to be used in analyzing the 

results of the model. Second, the use of a numerical example, in ac

dltLun to providing a basis for the descrLptLon of the statistLcal 

methodology, also gives insight Lnto the nature of empLrLcal problems 

to be encountered. Without a numerical example it would be difficult 

to g1ve an economLc interpretation of the results generated by the 

model. 

Therefore, there are two alternatives for obtaining the data for 

the model, namely the use of hypothetical data or secondary data. As 

previously stated, the methodology is general and would apply to both 

types of data. The advantage Ln using hypothet~cal data is that the 



properties of the model can be examined without an extensive data 

search. The use of secondary data also has definite advantages First, 

the results based on secondary input data will approximate the results 

that would be obtained from the use of primary data. Second, th1s 

1nformation w1ll permit the development of ideas concerning the inter-

dependence of business activ1ties Ln the given region before performing 

the survey. After making the appropr1ate transformat1ons on the secon-

dary data, the problems encountered in constructing the model and 

making extensions to it will be similar for both data sources. The 

data used in the construction of the model were obta1ned from an anal-

ysis of Duval County in the State of Florida. The purpose in obtaining 

these data was to overcome the criticism that the use of hypothetical 

data in a theoretical model restr1cts the scope of the analysis. 

Although the transact1ons table is der1ved from national coeffi-

c1ents, it is qu1te vaLuable. In fact, many ~f the major Lnput-output 

studLes, such as Maryland, Utah, Cal1fornia, and Texas, have also used 

the national coeffLcients Ln the constructLon of reg1onal models. An 

analys1s which ls based on the data obtained from the national coeffi-

c1ents will, in addition to Lllustrating the methodology to be used in 

the constructlon of an 1nterindustry model, give some ins1ght 1nto the 

funct1on1ng of Duval County economy. 

Fortunately Duval County LS ~ne o[ the Standard Metropolitan Sta-

istLcal Areas ut1l1zed by the Bureau of the Census 1n the class1f1cation 

of stat1stical Lnformatlon. Therefore, the 1958 Census of Manufacturers! 

WLll he a maJor s~urce of the data utilized 1n the con&truction of 

1u. 5. Department of Commerce, Bureau of the Census. 1958 Census 
of Manufacturers· 1961. Area StatistLcs, Vol. III. 



the input-output table. Volume Ill, Area Statistics. of the 

1958 Census of ~!anofacturers 2 furnishes data for selected counties in 

Florida, in which Duval County statistics are included. Therefore, by 

combining the above sources of information, it is possible to obtain a 

relatively accurate account o£ the aggregate economic activity in 

Duval County. 

The term "aggregate" h used to refer to the type of data fur-

3 nished by the ~ since it merely gives the value added by a given 

industry, not the distribution of a given Industry's output to other 

industries within the complex. A knowledge of the distribution of a 

given industry's output to otht!r industJ:"ies in the complex would form 

t:he foundation for the construction of an input~output table from prJ,-

mary llata sources. Nonetheless, the use of secondary data from Duval 

County Area will increase the realism in the model even though Llwy are 

scaled down by the use of coefficients which ~rc calculated on a nationa 

basis and are not entirely applicable to a specific region such as 

Duval County. 

].· 2. The Construction c>f the Input~Output Table 

General Out.line 

The lnput-output (transactions) table is conacructed in the 

following manoer. First. the gross outputs of each industry in the 

model are est im.ated. Second, the sum of the endogenous flows are esti-

mated by the use of national coefficients. Third, t:he exogenous fl.ows 

2~. 

3 H:l~d. 



are calculated by subtracting the sums of the endogenous flows from the 

estimated output of each industry. 

Using the notation employed in Section 2.3, the above outline 

may be summarized in the following manner; 

1. Estimate Xj 

2. Estimate xij by computing a 1jxj, where aij is obtained 

from the 1947 table4 

3. Calculate Yi, Y1 =Xi - L:atjXj 

j 

Selection of Industries 

Refore making any estimates of industry output, it is mandatory 

to determine the dominant industries in Duval County. Dominant indus-

tries in a given area are those industries which contribute the most 

to employment and income in the given region. 

The industries in this model are limited to the manufacturing 

sector since the government has published the activity coefficients for 

this sector. The 1958 Census of Manufacturers5 has a list of the major 

industries in Duval County. This source provided a tneans for selecting 

the industries to be considered in the model. 

!atimation of Gross Outputs 

In order to obtain a realistic estimate of the elements in the 

final demand sector, the corresponding value of shipments or gross out-

put of each producing industry within the manufacturing sector must be 

4w. D. Evans, and M. Hoffenberg. ''Th~ Interindustry Relations 
Study for 1947." The Review of Economics and Statistics, XXXIV (1952), 
97-142. 

5 
1958 Census of Manufacturers, p. 9-11. 
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calculated. The gross outputs of an industry refer to the total value 

of shipments at producer'~ prices. 

Unfortunately, the Bureau of the Census in 1ts publicat1ons does 

not furnish the value of shlpments for each industry in the manuCactur-

ing sector. Mr. Ma~well R Conklin, Chief of the Industry Division, 

Bureau of the Census, states ln a private letter, 

the value of shipments does not appear 1n the Census data 
because the figures for 3-digtt6 and 2-digLt 1ndustry 
groups would include a considerable amount of duplication 
since, in many industry groups, the shipments from estab
lishments 1n a const1tuent 4-digit 1ndustry are often used 
as materials by another 4-dlgit industry within the same 
group. As a matter of policy the Bureau of the Census does 
not publish such summary values of shlpment f1gures. 
Value added, which is the difference between cost of 
materials and value of shipment, is considered a more 
accurate measure of the economic contribution of establish
ments when figures are summarized to industry group totals.7 

Therefore, the immed1ate problem 1s to est1mate the value of 

sh1pments from the value added by manufacturing. The following discus• 

s1on suggests three methods for determining the gross output of each 

1ndustry 1n the model. Generally, there is no one method wh1ch always 

offers the most accurate estimate of gross output. The relative merits 

of each method are compared after all three of the methods have been 

described. 

6The Standard Industrial Classification is an industrial 
class1f1catlon of all actLvlties into broad industrial divisions 
(manufacturing, mining, retailing, etc.). It further subdivides each 
d1vision into maJor industry groups(two-dig1t i~dustries) then into 
1ndustry groups(three-digLt industries) and flnally into detailed 
Lndustrles(!our-digit industr1es). 

7Letter from Maxwell R. Conklin, Chief, Industry DiVlSlOn, 
Bureau of the Census, Washington, D.C., April 2, 1963. 
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Mechod 1.-- In this method, the value of sh~pmencs and its 

accompaning value added by manufacturing are combined in order to ob-

ta~n an average ratio of the value of shipments to the value added by 

manufacturing for selected ~ndustries within a g1ven industry aggregate. 

Although the Bureau of the Census does not publish the total value of 

sh~pmencs for each two-digit 1ndustry, it does so for the maJor1ty of 

the three-digit industries. The difference becween a two-d~gic and 

three-d1git industry is that the former is the aggregate of all three-

digit 1ndustries, 

The above ratios must be calculated for the State of Florida, 

and not Duval County since the Area Statistics list only the value 

added by manufacturing for the three-digit industr~es. Therefore, 

there is the additional problem of converting the estima~e of che state 

value of shipments co a regional value of shipments. The encire conver-

sion of state value added by manufacturing to a regional value of ship-

ments may be accomplished in the following manner. 

1. For each three-p1git industry within a g1ven two-d1g1c 
1ndustry, compute the ratio of the state value of 
shipments to the state value added by manufacturLng, 
and then calculate the average of che racios for 
each two-digit lndustry. 

2. The second raeio is calculated by dividing the 
number of employees in each industry w1thin the 
given complex by the number of employees within the 
state who are 1n the industry classification. 

3. Multiply the results of operation one by the results 
of operation two, and then multiply th1s product by 
the value added for each two-digit industry. The 
value added for the two-digit industry is based on 
chat industry's total for the state, not the value 
added by that 1ndustry in Duval COunty. This final 
product will give an estimation of the value of 
shipments for each 1nduscry in Duval County. 



General Formula• 

VJ = (i!J 5 Vms(~) 
Where· 

Vj = Gross output of Jth 1ndustry in Duval County. 

(~ )s = The averaga of the ratio of the value of shipments 

to the value added by manufaetur1ng for all three· 

digLt industries within the state. 

Vms = Value added by manufacturing for each two-digit 

1ndustry w1thin the state. 

Ej = Number of employees in the jth industry 1n Duval County. 

Es ., Number of employees 1n the jth 1.ndustry f.n the Stale of 

Florida. 

Method II.-· Method II is merely an extens1on of Method I in 
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that the ratio of the value of shipments to the value added by manufac• 

turing based on state data, 1s applied directly to the value added b> 

manufacturing for e4eh 1nduotry with1n Duval County. The difference 

between Method I and Method II is that the former worked with the value 

added by manufacturing in the state, and scaled it down to Duval County 

by ut1l1zing a constant ratio equal to the number of employees in the 

state divLded by the number of employees working 1n Duval County. In 

Method II, the value added by manufacturtng was not scaled down since 

1t 1s the value added by the g1van 1ndustry 1n Duval County. 

General Fornula: 



Where: 

v
3 

Gross output of the jth industry ~n Duval County. 

( V s) ,. The average of the ratio of the value of sh~pments 
Vm s 

to the value added by manufactur~ng for all three-

digit ~ndustr~es w1th1n the state 

Value added by manufacturing for each two-d•git 

1ndustry within the county. 
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Method III.-- Previously, the values of shipments for the sec-

tors under consideration have been calculated by developing a general 

relationshlp between value added in a given 1ndustry and the corre-

spond1ng value of shipments. However, there LS another method of 

accompl1sh1ng the same task, namely, the use of 1ndustry productivLty 

data. It is possible to obtain accurate data regarding the number of 

workers ~n Duval County Ln 1958. The average productivity of the wor

kers ~n a given ~ndustry based on the national data of the years 1947 

and 1950 has been calculated. Therefore, ~n order to estimate the 

value of sh1pments by Method III one merely roult1plies the aver-

age product1v1ty by the number of employees. 

General Formula 

V J (P) (~)R 

Where: 

VJ = Gross output of the jth lndustry in Duval County. 
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P ~ Average productivity of the employoes 1n a given industry. 

N =Number of employees. 

R Rat~o of price index for the current year to the base 

year. 

Method III assumes that the average productivity of the workers 

in each ~ndustry is constant before nultiplying by the rat~o of the 

prLce ~ndcxes, ThLs assumption should not be alarming s1nce a gimLlar 

assumption was mode in ossumLng that the activiLy coeffLcients in 1947 

are applLcable tn 1962. Therefore, the assumptLon of constant pro

ductlv~ty gives more consLstency to the analysts even though it may 

w1den the gap from the 1962 data. 

A Comparison of Three Methods 

As prev~ously stated, no one of the three methods lS always 

more accurate than the rema~ning two. However, of the three methods 

descrtbed, Method III is probably the most accurate in calculat~ng the 

total value of shipments for the maJor industrtes in Duval County. The 

rea•on for thi• ~s•ertlon i• that one of the two components in the 

determiPntion of the value of shipments LS known qu~tc accurately, i.e., 

the number of employees by industry in the manufactuting sector in 

Duval County. The tnaccuracies in thts approach are found tn the pro

ductivlty term sLnce the average producltVLty of each worker 1n each 

manufacturLng sector in Duval County can be calculated only [rom secon

dary sources. The problems tnvolved 1n obta~ning the average produc

t~vity for eoch industry are descr1bed 1n detatl when output data are 

converted to employment data. 
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In the construction of the Duval County Input-Output Table, 

Methods 1 and It were not used for several reasons. First, there was 

a large dLscrepancy between the ratio of the value of shipments to the 

value added by manufacturing for the three-digit industr1es within 

each two•diglt industry classificatLon. Second, there were not 

sufficLent data to provide an adequate weighting of three·d1g1t 1ndus-

try output in order to reconcLle the aforement1oned discrepancies. 

Third, in many cases, the number of the three•d1git industries for 

which output data were furnished, represented a small portLon of the 

total number of three·dLgLt industries. 

EstLmatLng Endogenous Flows 

The empirical problems involved in the estimation of the endog-

enous flows are greatly reduced by the use of nat1onal activity coeffi-

cients. G1ven the outputs of each industry, i.e., the values obta1ned 

by the est1mat1on procedures described in the previous section, the 

endogenous flows are calculated quite eas1ly. The endogenous flows 

for each cell of the transactions table are obtained by multiplying its 

coefficient times the output of the industry, i.e., x :aijX • 
lJ J 

Estimation of Final Demand 

After estimating the gross outputs and the endogenous flows of 

each sector in the model, the next step is to allocate this aggregate 

figure to the various input Lndustries. The current problem 1s to 

distribute that amount which is equal to the difference between the 

total value of shipments and the inputs into the endogenous sector 



among the compet1ng sectors in the final demand sector, that LS, the 

exogenous sector. 
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The mere fact that a g~ven Lndustry LS included in the exoge

nous sector implLes that its activ1ty coefficlents are not to be con

SLdered constant. However, the allocation of th1s total amount among 

the competing industries must be made with some accuracy if any eco

nomic inferences are to be made from the results. As previously stated, 

the methodology used in interpreting the results of the model is quite 

general and 1ndependent of the magnitude of the data utilized in its 

construction. 

The allocation of the gross output over the endogenous sectors 

lS solved by assum1ng that the national act1vity coeff1cients apply to 

Duval County. The current problem is to allocate the aggregate final 

demand figure over its component parts, three different approaches 

were used. The first approach is one in which the aggregate final 

demand figure was not broken down into its component parts. In this 

method the national coefficLents are appLLed to the cst~tes of gross 

output for each sector 1n the model. By using these coefficients, the 

sum of the flows in the endogenous sector are determ1ned. The value 

of the exogenous flows LS calculated by subtracting the sum of the 

endogenous flows from the gross output. 

The second approach assumes a hypothetical breakdown of the 

flnal demand sector. The purpose in doing thLs 1s to 1llustrate the 

methodology 1nvolved 1n analyzing the contrLbUtlon o{ each component to 

the aggregate levels of output, employment, and income. 



In the third approach, the aggregate final demand figure was 

not distributed over its component parts. However, independent esti-

mates were made of one segment of the final demand sector, namely, 

consumer expenditures by industry type. The results of this analysis 

relate consumer expenditures to industrial output, employment, and 

income. 

3.3 The Conversion of Total Output to Employment 
and Income Data 

Employment Data 
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The purpose of this section is to describe the mechanics involved 

in converting output levels to employment data. The conversion of 

output to employment is one of the important extensions of the model. 

Although a knowledge of the output required to produce the final bill 

of goods is quite important to those involved in marketing, finance, 

and regional planning. a knowledge of the employment required to pro-

duce this output is equally important. 

In order to make the conversion from output to employment 

figm:es, the level of output corresponding to a given bill of goods is 

divided by the output for each worker. Hence, 

Output per worker = 

Therefore: 

Total employment 

Total output for industry 
Total employment (including the clerical 
workers within the industry) 

Total output 
Output per worker 
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Output per worker may be calculated in several ways. Prefer-

ably, the total output of each industry in Duval County would be 

divided by its number of employees. Although the denominator of this 

fraction is known quite accurately, the numerator must be estimated. 

Since the numerator is estimated by making transformations on the value 

added by manufacturing, there might be con~iderable error in obtaining 

any output per worker from these data. For this reason the productivity 

calculations are baaed on national statistics which give accurate esti-

mates of both output and employment for a given year. 

Total output by industry, on a national basis, is given in the 

1947 table. 8 Therefore, the productivity for the workers in a given 

industry is calculated by dividing these industry outputs by the number 

of employees given in the 1950 Census. 9 In all subsequent operations 

concerning the conversion of output to employment figures, the output 

level of each industry is divided by its average productivity in order 

to obtain the number of employees corresponding to that level of output. 

Income Data 

Thus far the analysis has been discussed in the following 

sequence: given a bill of goods, the required output was calculated; 

knowing the output per worker the level of employment induced by the 

change in output was determined. The induced employment due to the 

increase in output can be related to income figures by having a know-

ledge of the average income of the workers in each industry. 

8 Evans and Hoffenberg, passim. 

9u.s. Department of Commerce, Bureau of the Census. U. S. 
Summary, u. S. Census of Population: 1950. 
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ln subsequent dLscussions in which employment data are converted 

to income figures. the following transformatio~are used 

Industry Income = (Number of workers) (Average income for 
each worker) 



CHAPTER 4 

EMPIRICAL RESULTS 

This chapter contains the empirical results obtained by 

applying the statistical procedures described in Chapter 3 to the 

secondary data of Duval County, Florida. Generally, no additional 

comments or restatements of the information contained in Chapter 3 

are made in this chapter. 

4.1 Basic Data for the Construction of an Input-Output Table 

Major Industries ln Duval County, Florida 

TABLE 4.1-1--MAJOR INDUSTRIES IN DUVAL COUNTY, FLORIDA 

Industry 

Food 
Lumber 
Furniture 
Paper 
Pri.nting 
Chemicals 
Stone, Clay, and Glass 
Fabricated Metal 
Transportation 
Eating and Drinking 

Number of 
Establish-

ments 

88 
63 
38 
19 
71 
30 
27 
59 
23 

583 

Number of 
Employees 

4,195 
1,107 

682 
1 J 909 
1,560 
1,093 
1,227 
1,144 
2,746 
1,3418 

Value added by 
IIWlnufacturing 

($1 ,000) 

{~9,677 

5,691 
1.;,835 

29,142 
11,630 
12,947 
12,407 
10,500 
15,773 
31,9881> 

Source: Us. Dep~rtment of Commerce, uureau of the Census. 
1958 Census nf M;mufactorers: 1961;' Area•Statistics, ·vol. III. 
p. 9-ll. 

a Male Employees 

bReceipts($1,000) 
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Gross Outputs of the Major Industries 

TABLE 4.1-2-~CROSS OUTPUTS OF THE MAJOR INDUSTRIES 

Industry Average3 Number ofb Output L947 
Productivity Employees (Dollars) 

(Dollars) 

Food 26,859 4' 195. 112,673,505 
Lumber 6,975 l > L07 7' 721,325 
Furniture 8,757 682 5,972,274 
Paper 16,937 1,909 32,332,733 
Printing 7,506 1,560 11,709,360 
Chemicals 21,317 1,093 23,299,481 
Stone, C'-ay, and 

Glass 10,487 1,227 12,867,549 
l<'abricat:ed Metal 2,762 1,144 3,159,728 
Transportation 16,397 2. 71l6 45,026,162 
E:ating and 

Drinkingd 7,870 1,341 10,553,670 

Source: u. S. Departm~nt of Commerce, Bureau of 
Statistical Abstract of the United States: 

~able 4.4-1 

bTable 4.1-1 

1962. Table 

Output 1962<: 
(Dollars) 

149,8}5,762 
10,269,362 

7 '943 ,124 
43 '002) 534 
15,573,448 
30,988,309 

17' 113,840 
4,202,438 

59,884,795 

14,036' 380 

the Census. 
465. 

cRatio of price index for 1962 to price index for 1947 is 1.33. 

drhe output of this sector applies only to male help. 

Estimatl.on of Endogenous Flows 

Activity Coefficients.-- Activity coefficients represent the 

value of input used per dollar of output. The national activity 

coefficients were applied to Duval County. The activity coefficients 

are the basic elemeats in the estimation of endogenous flows since the 

product of an activity coefficient and its corresponding industry 
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output, g1ves an est1mat1on of tntertndustry flows, i.e , x j = ai.X . 
l J J 

The act1vity coefficients for the major 1ndustries in Duval County are 

given 1n Table 4.1-3. From Table 4.1-3 one can determtne the amount 

of goods required from each 1ndustry in the model 1n order to produce 

$1.00 of output. For example, 1t 1s observed that the Chemical 1ndus-

try must purchase the followtng amounts of goods to produce $1.00 of 

Chemical products. 4.9 cents from the Food 1ndustry, .3 cents from the 

Lumber 1ndustry, noth1ng or a negl1g1ble amount from the Furn1ture 1ndus-

try, 2.4 cents from the Paper lndustry, .1 cent from the Printtng indus-

try, 19.1 cents internally, 1.9 cents from the Stone, Clay and Glass 

tndustry, and nothtng or a negligtble amount from the Fabr1cated Metal, 

TransportatLon, and Eattng and Drtnking industries. The inputs from 

the exogenous sectors of the model per dollar of chemtcal output are 

not calculated stnce the activity coefficients tn the exogenous sectors 

are not cons1dered to be constant. 

Example of the Calculation of Endogenous Flows -- From the 

general formula, 

xiJ = a 1Jxj 

it follows that. 

(4.1-l) 

(4 l-2) 

Equatton (4.1-l) states that the output of the Food industry 

goLng to the Food industry is equal to the appropriate act1v1ty coeff1-

cients ttmes the output of the Food tndustry ( 131870)($149,855,262) = 

$19,762,006. 



TABLE 4.1-3-- ACTIVITY COEFFICIENTS 

Industry Food Lumber Furniture Paper Printing 

Food .131870 .000057 .000125 .003804 .000053 
Lumber .002174 .182243 .133882 .039158 .000094 
Furniture .000000 .000000 .002433 .000725 .000000 
Paper .012.165 .000758 .005253 .332404 .1.68256 
Printing .001052 .000000 .000000 .000000 .119509 
Chemical. .038979 .004359 .021779 .023454 .015073 
Stone, Clay, Glass .00&784 .002398 .011905 .003641 .oooooo 
Fabricated Metal .000000 .000000 .001722 .000000 .000000 
Transportation .000067 .001560 .000000 .000000 .000000 
Eating and Drinking .000000 .000000 .oooooo .000000 .000311 

Industry Chemical Stone, Clay Fabricated Transporta- E:ating aorl 
and Glass Metal tion Drinking 

Food .049224 .000408 .000000 .000000 .261397 
Lumber .003232 .003518 .002205 .003263 .000361 
Furniture .oooooo .000000 .oooooo .001805 .000000 
Paper .023798 .037024 .002194 .002311 .004261 
Printing .00ll32 .000000 .000000 .000000 .002210 
Chemical .190897 .023855 .007595 .007774 .003196 
Stone, Clay, Glass .018544 .088765 .002608 .013493 .004410 
Fabricated Metal .000000 .000000 .017858 .000678 .000000 
Transportation .000000 .000156 .000000 .308642 .000105 
~ating and Drinking .000000 .oooooo .oooooo .000000 .040390 

Source: W. D. Evans, and M. Hoffenberg, "The Interindustry Relations Study for 
1947." The Review of Economics and Statistics, XXXIV, (1952), 97-142. 

00 
Q\ 
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Sirn1larly, equatLon (4.1-2) states that the output of the Stone, 

Clay, and Class industry which go~s to the Paper industry is equal to 

the appropriate activity coefficient times the output of the Paper 

Lndustry, (.003641)($43,002,534) = $155,672. A repetitLon of thLS 

procedure for all 1ndustr1es 1n the model will lead to the estimation 

of all the exogenous flows in the model. 

Estimation of F1nal Demand 

Final demand estLmates are obtained from an algebra1e solutLon 

of the basic model. 

n 

!: xlj + y 1 "' XL 
J=l 

For example, consider the four industry examples inChapter 2, 

the final demand for industry L LS given by 

(4.1-3) 

Equat1on (4 1-3) states that the final demand ror industry 1 is 

equal to the total output of industry 1 less all 1nterindustry (endog-

enous) flows. 

A Numerical Example for the Duval County Model.-· For the Food 

industry 

x1 = $149,855,762 (Table 4.1·2) 

The interindustry (endogenous) flows for the Food industry 

were calculated as described 1n the prev1ous section. The following 
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interindustry flows (dollars) are a result of these calculations: 

xll $19,762,006 

x12 585 

x13 ~ 1,998 

xl4 163,581 

xlS = 825 

Xl6 1,525,168 

x17 : 6,982 

Kl8 0 

x19 0 

xw 366,906 

Therefore, 

yl ~ 149,855,262- (19,762,006+585+1,998+163,581+825+1,525,168 

+6,982+366,906) = 128,028,516 

A similar calculat1on for each Lndustry 1n the table will give 

the ftnal demand for each industry 1n the model. 

4 2 The Input-Output Table 

The empirical results of Sectton 4 1 may be summarized tn a 

table commonly called an tnput-output or transacttons table The con-

struction of an input-output table, without any addittonal modifications 

or extens1ons, gives an tnsight into the functiontng of a g1ven complex. 

In essence, it is a method for summariztng interLndustry flows in a 

concise log1cal manner. The use of these tntertndustry flows 1n market 

analysts Ls descr1bed 1n a followLng chapter. Table 4.2-1 is the Lnput

output table for Duval County. 
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The table is constructed by f1lling either n rows or n columns. 

Each row total represents the sales of that given industry, each 

column total represents the purchases of the industry, i.e., every 

sale 1S a purchase This symmetry in the flow table gives rise to the 

name 1nput-output table. By examin1ng the f~fth row ~n Table 4 2-l, 

the Pr1nt1ng 1ndustry has a total output of sales of $15,573,448 of 

which $35,078 was purchased b~ the Chemical industry. Likewise by 

examinlng the s1xth column lt is observed that the Cbem1cal industry 

purchased $35,078 of materials from the Printing industry. 

The Row Entries 

Each row total represents the total output or sales of the 

1ndustry, valued at producer's pr1ces. For example, reading across the 

fourth row, the Paper industry sold $1,823,044 to the Food 1ndustry, 

$7,786 to the Lumber industry, and $5,980 to Eating and Drinking places. 

Out of a total output of $43,002,534, $22,690,764 1s sold Ln the exog

enous or fLnal demand sector of the economy. The total sold ln the 

endogenous sector for any gtven industry is equal to the difference 

between total output and the total value of exogenous flows (final 

demand) 1.e., $20,311,770. 

The f1nal demand figure is made of many elements, In this model, 

the following sectors Government, Inventory Change, Gross Private 

Capital Formation, Constructton, Households, and Imports compr1se the 

aggregate value of exogenous flows. This breakdown 1s quite arb1trary 

and may change from model to model depending on the available data and 

the objective of the analysis. The present d1scussion is concerned 



TABLE 4.2-1--INTERINDUSTRY FLOWS 
(Dollars) 

1ndustry Food 

Food 19,762,006 
Lumber 325,799 
Furniture 
Paper 1,823,044 
Printing 157,652 
Chemicals 5,841,305 
Stone, Clay and Glass 1,016,625 
Fabricated Metal 
Transportation 10,040 
Rating and Drinking 

Industry Stone, Clay 
and Glass 

Food 6,982 
Lumber 60,210 
Furniture 
Paper &33,623 
Printing 
Chemicals 408,274 
Stone, Clay and Glass 1,519,110 
Fabricated Metal 
Transportation 2,669 
Eating and Drinking 

Lumber 

585 
1,871 '701 

7,786 

44,768 
24,628 

1,602 

Fabricated 
Metal 

9,2&6 

9,220 

31,917 
10,959 
75,047 

Source: Tables 4.1-2 and 4.1-3. 

Furniture Paper Printing Chemicals 

1,998 163,581 825 1,525,168 
1,063,440 1, ()83 ,893 1,463 100,157 

19,328 31,176 
41,725 14' 294 '214 2,620,326 737,459 

1,861,286 35,078 
172,993 1,008,584 234,736 5,915,575 

94,562 156,572 574,647 
l3,679 

48,430 

Transpor• Eating and Final Total 
tat ion Drinking Demand Output 

366,906 128,028,.516 149,855,162 
195,404 506 4,957,523 10,269,362 
108,092 7,784,528 7,943,124 
138,393 5,980 22~fl90. 764 43,002,.534 

3,102 13,516,330 15,573,448 
465,544 4,466 16,860,128 30,988,309 
808,025 6,190 12,902,519 17,113,840 
40,601 4,073' 111 4,202,438 

18,482,962 147 41,387,522 59,884,795 
566,920 13,421,030 14,036,380 

v:> 
0 
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w1th the aggregate values of exogenous flows but eventually th1s f1gure 

is allocated over its components so as to give an example of the method

ology used 1n extending lhe model and 1nte1pret1ng the data therefrom. 

The Column Entries 

Constructing an Lnput-output table from column entries would be 

1dentical to one constructed from data based on row entr1es, however, 

there may be a greater diff1culty 1n obta1ning the data for the column 

entr1es. The account1ng procedures of many firms are so devised that 

they have an accurate record of the1r expenditures and only a l1mited 

knowledge of the sources of their receipts. Therefore it is quite prob

able that there w1ll not be enough data available for the construction 

of the table based on column entr1es. The omLsslon of row or column 

entr1es in the exogenous sector 1s not of pr1mary importance since the 

inverse of the matrix LS Lndependent of them. 

Consider the f1rst column, Food. The f1rst entry $19,762,006 

1nd1cates that the Food 1ndustry purchased this amount from themselves, 

probably in the form of basic meat and da1ry products before they were 

processed. The Food 1ndustry also purchased $5,841,305 from the Chemi

cal 1ndustry 1n the form of preservatives and processing agents. If 

the f1naldemand were broken down into component parts, the table should 

have six addit1onal rewa and columns titled Government, Inventory 

Change, Gross Capital Formation, Househo~ds, Construction, and Imports. 

However, due to the lack of adequate data for these cells, they are not 

included 1n the present analysis. The breakdown of the f1nal demand 

sector LS discussed in Chapter 5 
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4.3 Interdependence Coefflcients 

The 1nterdependence coefflcLents for the model are shown Ln 

Table 4.3-1. They are obta1ned by 1nvert1ng the matrix (ormcd by the 

d1fference between the LdentLty matrLx and the matrix represented by 

the actLVLty coefficients in Table 4.2-l. The matrix was 1nverted on 

an IBM 709 electron1c compuLer located 1n the Computing Center at the 

UnlversLty or Florida. The mathematical propertleS or this matrlx and 

1ts 1nverse are discussed ln Chapter 2 and are not repeated ln 

thLs sectLon The present dLscussLon Lnvolves the economic 1nterpre-

tatLons of the Lnverse 

The entries in T.b1e 4.3-1 are called interdependence coeffi

CLents in order to Lllustrate the dependency of one sector on the out

put of another sector. Table 4.1-3 lLsts the actLVLty coeff1c1ents 

wh1ch show the d1rect purchases required per dollar of output. Th1s 

table shows no relat1onsh1p among the indirect flows in the various 

sectors. For example, assume that a market research group 1s hired by 

some industrial complex to make proJeCt1ons concerning the demand by 

consumers for the output of each 1ndustry in the model, i.e., to make 

an est1mate of consumer expenditures wh1ch arc 1n essence the entries 

in the column titled Households. Assume the following esttmates of 

household expend1tures by industry type· Food, 40 million, Lumber, 1 

million, Furniture, 4 million; Paper, 5 millton, Pr1nting, 3 millton, 

Chemical, 2 million, Stone, Clay and Glass, 1 mLllion; FabrLcated Metal, 

5 million, Transportation, 10 m1llion, and expend1tures at E~ting and 

Drinking places, 1.5 million. 



TABLE 4.3-1--IN!ERDEPENDENCE COF.FFICIENTS 

Industry Food Lumber Furniture Paper Printing 

Food 1.16173 .00551 .00145 .08574 .01662 
Lumber .00597 l. 22320 .16560 .00843 .00277 
Furniture .00002 -- 1.00246 .00001 
Paper .02417 .00183 .00993 I .50019 .28749 
Printing .00177 -- -- .00192 l.l3610 
Chemicals .05711 .00677 .02868 .04456 .02978 
Stone, Clay and Glass .02400 .00505 .01394 .01306 .00257 
Fabricated Metal -- -- .00176 
Transportation .00012 .00028 .00004 .00002 
Eating and Drinking -- -- -- -- .00037 

1.27489 1.24264 l. 22386 1.65393 1.47570 

Industry Chemicals Stone, Clay F.abr icatcd 'franspor- Eating and 
and Glass Metal tat ion Drinking 

Food .00306 .00411 .00024 .00043 .31691 
Lumber .05984 .00664 .00325 .00704 .00235 
Furniture -- .00080 -- .00263 .00001 
Paper .04750 .06222 .00389 .00680 .01435 
Printing .0000& .00008 .00010 .00001 .00311 
Chemicals 1.24159 .03437 .00980 .01490 .02012 
SLone, Clay, and Glass .00392 1.09810 .00299 .02158 .01166 
Fabricated Metal -- -- 1.01918 
Transportation .oooot .00025 -- 1.44643 .00019 
Eating and Drinking -- -- -- -- 1.04210 

-
1.35598 1. 20657 1.03845 1.49982 1.41080 

\0 
w 

Source: Table 4.1-J 
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Multiply~ng this final b~ll of goods, i.e., the column represent-

1ng consumer expenditures, by the elements in the appropr~ate column 

of T~ble 4.1-3 the direct inputs requ~red from each ~ndustry in order 

to produce the estimated consumer demand are determ~ned. The mult~-

pl1cation of the elements in the Food column by 40 million w1ll deter-

m~ne the Lnputs requ~red from each industry to produce the $40 m1ll1on 

of food products Likewise, multiplying the Lumber column by l million 

will determine the inputs to the Lumber industry from the other indus-

tr~es 1n the complex 1n order that the Lumber 1ndustry manufacture or 

produce $1 million of output. A repetition of this process for every 
' 

column w1ll y1eld the d~rect 1nputs requ1red to furnish the g~ven b~ll 

of goods The 1nputs obta1ned from th1s process are calLed first-round 

requ1rements 

Assume that the Chem1cal 1ndustry must produce an output of $10 

mill~on in order that the b1ll of goods previously discussed be produced. 

This $10 mill1on output of the Chemical industry which serves as 1nputs 

to other industries is the d1rect output required to meet the b1ll of 

goods desired by Households However, no considerat~on bas been g~ven 

to the 1ndirect requLrements, i.e , in order that the Chemical industry 

produce an output of $10 mlll1on, it must have a corresponding inflow 

of material. These induced 1nputs arising from dlrectlLnputs related 

to the g1ven bilL of goods are called indirect purchases, or in this 

case second-round requirements. 

In order to determina the necessary inputs to the Chemical indus-

try, the elements in the Chemical column are multiplied by 10 million. 
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This procedure is repeated for all sectors in the model, i.e., the flrSt• 

ruund requ1rements are mult1pl1ed by the entrLes in each column to ob

tain the second-round requirements. Theoretically, this process could 

be continued until an infinite number of rounds have been computed. 

Fortunately, the magnitude of the output begins to converge as the num• 

ber of rounds increases, i.e., the addition to input of then+ 1 round 

1s so small that the calculation may be terminated after complet1ng a 

finite number of 1teratLons. This entire iterative procedure may be 

accompl1shed in one step by inverting the matrix formed by the activ1ty 

coeff1cients. 

Therefore, the matr1x 1n Table 4.3-1 1s unique in that it gives 

both the direct and indirect requirements that must be produced by the 

row sectors to delLver one dollar of final demand by the column sectors. 

Cons1der the Furn1ture industry, reading down column three and rounding 

to one-tenth of a cent, that for each dollar of final demand for Furni· 

ture the Food 1ndustry must produce .1 cents of output, the Lumber indus

try must produce 16.6 cents of output, the Furniture industry must produce 

100.2 cents of output (one dollar of f1nal demand plus .2 cents from it

self) etc., down the column. The rows and columns of the f1nal demand 

sector do not enter Lnto the analysLs sLnce they are in the exogenous 

sector. 

4.4 Supplementary Transformation Funct1ons 

Although the basic model gives an estimation of the output for 

each Lndustry in the model, 1t does not offer a dtrect est1mate of the 

levels of employment and income corresponding to a given level of output. 

The conversion of output data to income and employment data necessicates 
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the use of conversion techniques that are not found in the basic model, 

i.e., supplementary transformation functions. 

The use of these transformation functions is discussed in Section 

3.3 and is not repeated at this time. Basic to these transformations 

are two ratios for each industry in the model, namely, output per worker 

and income per worker. This information for the major industries in 

Duval County is summarized in Tables 4.4-l and 4.4-2. 

TABLE 4.4-1--0trrPtrr PER WORKER BY INDUSTRY FOR DUVAL COUNTY 

Industry 1947 Industr~ Out2ut 1947 1962 
1950 Industry Employment (Dollars) (Dollars) 

Food 37 1636 1000 1000 26,859 35,722 
1,401,199 

Lumber 6 1002 1000 1000 6,975 9,277 
860.512 

Furniture 21 892 1000 1000 8,757 11,647 
330.243 

Paper 71 899 1 000 1000 16,937 22,526 
466,378 

Printing 6 1447 1 000 1 000 7,506 9,983 
858,968 

Chemicals 14105010001000 21,317 28,352 
659 ,09l 

Stone, Clay, and Glass 4 1 844 1ooo,ooo 10,487 lJ ,948 
461,887 

Fabricated Metal 2 1316 1000 1000 2,762 ,J ,673 
838,575 

Transportation l4 126s,ooo,ooo 16,397 21,808 
859.974 

Eating and Drinking 13 1 27o,ooo,ooo 7,870 10,467 
1,686,108 

Source: W. D. Evans, and M. Hoffenberg, "The Interindustry 
Relations Study for 1947 ." The Review of Economics and Statistics, XXXIV 
1952, 97-142. U. S. Department of Commerce, Bureau of the Census, ~ 
Summary, u. s. Census of Population; 1950. Table 4.1-2. 



TABLE 4.4-2--AVERAGE INCOME BY INDUSTRY FOR DUVAL COUNTY 

Industry Payroll Payroll Employment Income/Worker Income/Worker 
1958 1962 1958 

($1 ,000) {$1,000) 

Food 15,416 16,957 4,195 
Lumber 3,084 3,392 1,107 
Furniture 2,450 2,695 682 
Paper 10,302 11,332 1,909 
Pri.nting 7,486 8,234 1,560 
Chemicals 4,530 4,983 1,093 
Stone, Clay, and Glass 4,492 4,941 1. 227 
Fabricated Metals 5,076 5,583 1,144 
Transportation 12,626 LJ,BBB 2,746 
Eating and Drinking 2,139 2,353 1,341 

Source: U. S. Department of Commerce, Bureau of the 
1960, Florida. PC (1) - 11-D; Detailed Characteristics, p. 
meree, Bureau of the Census. 1958 Census of Manufacturers: 
p. 9-11; U. S. Department of Commerce, Bureau of the Census. 
States: 1962. P• 228. 

1958 1962 
(Dollars) (Dollars) 

3,670 4,037 
2,785 3,063 
3,592 3, 952 
5,396 5,935 
4, 798 5,277 
4,145 4,559 
3,620 3,982 
4,437 4,880 
4,598 5,057 
1,.596 1 J 755 

Budget, U. S. Census of Population: 
11-607; U. s. Department of Com-
1961. Area Statistics, Vol. III. 
Statistical Abstract of the United 



CHAPTER 5 

MARKETING APPLICATIONS OF INPUT-OUTPUT ANALYSIS 

5 1 Introduction 

The prev1ous chapters contain an exam~nation of the nature, role, 

and character~stLcs of input-output analysLs as applied to marketing. 

Although the technical operat1on and derivation of input-output models 

have been discussed 1n considerable deta1l there have been no applL• 

catLons of Lnput-output models to current market1ng problems. The 

obJeCtLve of th1s chapter 1s to provide numer1cal examples which illus

trate the use of input-output models for the solut1on of marketing 

problems. 

A survey of the lLterature in this area has revealed only a few 

articles which attempt to apply input-output techniques to market1ng 

problems, the majority of wh1ch used a ~ual~tative approach as opposed 

to the quantLtative approach under considerat1on. The quant1tat1ve 

models in marketing are usually applied to advertising expenditures, 

pr1c1ng pol1cies, and 1nventory problems, none of which has been solved 

by tnput•output analysis. 

In Chapter 4, the bas1c components of the model have been devel

oped, i.e., a table of 1nterindustry flows, the act1vity coeffic1ents, 

and the interdependence coefftcients, which were obtained by inverting 

tbe matriK formed by 5ubtracting the activity coefficients from an 

98 
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ident1ty matrix The above components, wh1ch are des1gnated as the 

basic model, give a great deal of 1nformation concerning the economic 

act1vity 1n a g1ven complex. Ihe components 1n the bas1c model contain 

a vast quantity of information and are used as a foundat1on for a 

var1cty of econorn1c stud1es. The pr1mary contr1but1on of this chapter 

1s conta1ned in those modif1cations of the bas1c model wh1ch provide 

the market analyst w1th new tools for market research 

Thus far both national and area data have been used for the 

construct1on of the basic components of the model. The use of these 

data, 1n add1t1on to 1llustrat1ng the methodology 1nvolved 1n lnter

pretLng the results of an 1nterindustry analys1s, adds realism to the 

d1scussion. However, on occasion, hypothet1cal data are generated by 

mak1ng specific assumpt1ons regard1ng the characteristics of the 

ex1st1ng data. The end result of such assumptLons is that the data 

used ~n some portions of the analys1s may or may not resemble the actual 

data for Duval County. In any event. the assumpt1ons are stated expl1• 

citly to prevent the reader from mak1ng incorrect 1nferences 

5.2 Mod1flcat1ons of the Bas1c Model 

Forecasting Levels of Output, Employment, and Income 

Assume that the county offictals have h1red an 1nterindustry 

group to make a study of employment levels in the larger industries 

within the county The object1ve of the study is to antic1pate poss1ble 

unemployment problems in the year 19xx so that appropriate act1ons may 
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be taken in order to minimize their effect,on the community. Regional 

Planning Boards could use the information to forecast population changes 

since there is a tendency for workers to enter or leave the county de-

pending on the level of employment. If there is an increase in employ-

ment, new workers need housing, utilitie~ and other public services. 

An advance knowledge of this information is an aid in efficient plan-

ning and provides the basis for an optimal expenditure of public funds. 

TABLE 5. 2·1· •CURRENT LEVELS OF FINAL DEMAND, OliTPUT, AND EMPLOYMENT 
BY INDUSTRY TYPE 

Industry Final Demand Total Output Employment 
(Dollars) (Dollars) 

Food 128,028,516 149,855,762 4,195 
Lumber 4,957,523 10,269,362 1,107 
Furniture 7,784,528 7,943,124 682 
Paper 22,690,764 43,002,534 l' 909 
Printing L3,516,330 15,573,!.48 1,560 
Chemicals 16,860,128 .30,988,309 1,09.3 
Stone, Clay, and Glass 12,902,519 17,113,840 1,227 
Fabricated Metal 4,073,111 4,202,438 1,144 
Transportation 41,387,522 59,884,795 2,746 
Eating and Drinking l3 ,421 ,030 14,036,380 1,341 

Source: Tables 4.1•1 and 4.2•1. 

After an exhaustive study of the economic conditi<.ms in the 

county, the interindustry group offers the following estimates of final 

demand for the basic industries in the area: 
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TABLE 5.2-2--HYPOTHETICAL FINAL DEMAND FOR THE YEAR 19xx BY INDUSTRY 
TYPE 

Industry 

Food 
Lumber 
Furniture 
Paper 
Printing 
Chemical 
Stone, Cla~ and Glass 
Fabricated Metal 
Transportation 
Euting and Drinking 

Final Demand (19xx) 
(Dollars) 

82' 879.528 
6,4&8,364 
7,903,703 

17,698,811 
13,674,827 
20,546,458 
14,571,083 
4,117,306 

41' 373.298 
1,403,202 

Although the 19xx final demand schedule is entirely hypothetical 

it was constructed to approximate the conditious in Duval County. One 

estimate (the Eating and Drinking sector) is unrealistic, the purpose 

being to check the linearity of the model in extreme cases. The output 

required to produce the estimated 19xx final demand was obtained by 

considering the final demand as a column vector and mu!~~~?!Y~~g it by 

t~~ interdependence coefficients in Table 4.3-l. In terms of mntrix 

multiplication, the operation was of the following form: 

Au A12 Au Aln 1,2879528 
A21 A22 A23 A2n 6468364 

7903703 

17698811 

13674827 

20546458 

14571083 

(~117306 

41373298 

L"l An2 AnJ Ann 1403202 



where each Aij represents an activity coefficient from Table 4.3-l. 

Example: 

(1.16173)(82879528) + (.00551)(6468364) + (.00145)(7903703) 

+ .... (.31691)(1403202) = $98,662,269. 

The results of this multiplication are as follows: 
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TABLE 5.2-3--0trrPUT, EMPLOYMENT, AND INCOME BASED ON 19xx FINAL DEMAND 

Industry Output Employment Income 19xx 
(Dollars) (19xx) ($1,000) 

Food 98,662,269 2,761 ll ,145 
Lumber 11,536,617 1,243 3,807 
Furniture 8,045,446 690 2,725 
Paper 34,776,551 1,543 9,157 
Printing 15.724,073 1,575 8,311 
Chemical 32,895,527 1,160 5,288 
Stone, C1ay,and Glass 19,400,421 1,390 5,535 
Fabricated Metal 4,247,607 1,156 5,641 
Transportation 59,859,945 2,744 13,876 
Eating and Drinking 1,467,358 140 245 

Source: Table 5.2-2. 

The employment and income columns were obtained by making the 

appropriate conversions described in Chapter 3. A comparison of 

Tables 5.2-2 and 5.2•3 illustrates the advantage of using an input• 

output model in forecasting the effects of a change in output on the 

entire industry comples. For example, in the Food industry, the esti-

mated final demand in 19xx represents a decrease of 35l from that of 

1962 (consult Tables 5.2-1 and 5.2-2) i.e., ($128,028,516 - $82,879,528) 

T ($128,028,516) .. The corresponding decrease in output was 34t, i.e., 
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$149,855,762 (Table 5.2-1) - $98,662,269 (Table 5.2-3) ~ $149,855,762. 

It 1s 1ncorrect to assume that output will always decrease by an amount 

comparable to the change in final demand. Such an assertion is Lncorrect 

since inputs to one industry arc sources of output from another indus-

try, i.e,, there 1s an interdependency in the complex. The final demand 

sector is not the only outlet for the output of an industry. Therefore, 

if the level of final demand is small compared to the magnitude of the 

endogenous flows there is no reason to believe that an x percent change 

Ln f1nal demand will be accompanied by a corresponding change in output. 

For example, an examination of the change in the final demand for the 

Lumber industry reveals that a 30 percent increase in final demand re-

sults in only a 12 percent change 1n its output. 

A change in final demand which affects the level of output of 

the industries in the complex has Wide repercussions throughout the 

economy. the most obvious being a change in the level of employment 

brought on by a change in the level of output. Corresponding to the 

output and employment changes induced by a change in the final demand 

for the products of any given industry. there is also a change in the 

income received by the working group. Later in this chapter the use of 

this information in evaluating market potentials is discussed in con-

Junction with the output multiplier. The results of this analysis may 

be used in the solution of regional planning problems. 

The Effect of Governmental Spending on Output, 
Employmen~ and Income 

Chapter 4, which contains a discuss1on of the emptrical results 



obtained from the model, considered only an aggregace figure for tha 

final demand sector. This section contains an analysis of one of the 

components of this aggregate figure, namely governmental spending; che 

next extension considers anoth-;r component, household expenditures. 

In Table 4.2"1, the transactions table, the final demand figure was not 

distributed over its components due to a lack of adequate data. In a 

later modification of this model, the final demand figure is distributed 

into six categories: Construction, Government, Inventory Change, 

Gross Private Capital Formation, Households, and Exports (the corres• 

ponding row entry i.s Imports), the definitions of which are included in 

the Appendix. Unlike the data in t:he previous extension, no attempt 

was made to make the following hypothetical data resemble actual govern-

mental expenditures in Duval County. 

TA13LE 5. 2-4--HYPOTHETICAL GOVERN:iENTAL EXPENDITURES BY INDUSTRY TYPE 

Industry 

Food 
Lumber 
Furniture 
Paper 
Printing 
Chemical 
Stone, Clay, and Glass 
Fabricated Metal 
Transportation 
Eating and Drinking 

Governmental Expenditures 
(Dollars) 

53,606,478 
79.690 

4,390,507 
373,798 
347.473 

3,164,1.54 
11128,384 

28,857 
9, 980.480 
1,404,604 

The objective of this extension is to determine the role that 

governmental spending has on the complex whose interindustry flows are 
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given in Table 4.2-1. In this table, the output figures are stated for 

each industry as a whole. The current problem is to determine the con• 

tribution that governmental expenditures make to these total quantities. 

In order to obtain the solution to the problem, the column of govern-

mental expenditures is considered as a column vector and is multiplied 

by the matrix of interdependence coefficients given in Table 4.3-1. 

The results of such an operation are shown in Table 5.2-5. 

TABLE 5.2-5--THE GOVERNMEN'I''S CON'IRIBUTION TO OUTPUT, EMPLOYMENT, AND 
INCOME 

Industry Output Employment 'Income 
(Dollars) ($1 ,000) 

Food 62,836,988 1,759 7.101 
Lumber 1,427,663 154 471 
Furniture 4,429,447 380 1,501 
Paper 3,207,790 142 842 
Printing 4,048,075 405 2,137 
Chemical 7,452,579 263 1,119 
Stone, Clay, and Glass 2,845,179 204 812 
Fabricated Metal 44,063 12 59 
Transportation 14,443,112 662 3,347 
Eating and Drinking 1,465,035 140 245 

Source: Table 5.2-4. 

The employment and income figures were obtained from the output 

figures by the methods outlined in Chapter 3. Therefore, Table 5.2-5 

gives the government's contribution to the levels of income and employ• 

ment resulting from governmental expenditures in the given complex. This 

analysis may be extended by investigating the effects of a 10 percent 

increase in governmental spending on the levels of output, employment, 
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and income. ThlS problem is solved by multiplying the new level 

of government expenditures by the matrix formed from the interdependence 

coefficients and then comparing the induced change with the original 

level of employment. 

ProJected Output Levels for a Given Schedule of 
Consumer Expenditures 

Thus far, the mod~fications of the basic model involved aggre-

gate proJect~ons, i.e., those pertaining to all sectors in the complex. 

At th~s time, the model is used to determine effects of one part~cular 

sector on the output, employment, and tncome levels in the complex. 

The sector under considerat1on is the Household sector, which is of 

particular interest for a variety of reasons. The column entr1es in 

the flow table correspondtng to the Household column represent expend~ 

1tures by households for the output of each industry. Therefore, a 

consideration of only the Household column of the f1nal demand sector 

leads to a determination of the effects of changes 1n consumer expend-

1tures on the levels of output, employment, and income for each 

1ndustry 1n the complex. Th1s information is of particular interest 

to the market analyst. Not only are the results of this undertaking 

qu1te lnformative, but the data requ1red for this type of analysis may 

be obtained at a mtnimum cost. 

Obtaining information regarding consumer expenditure patterns 

Wlthin a given complex is quite costly; in fact, such an undertaking 

may involve a larger amount of resources than did the collectton of 

data for the construction of the input-output table, Fortunately, two 
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excellent studies have been made in this direction. the first being the 

Wharton Study in 19501, Although the results of this study are thir-

teen years old, they are informative and may be used in the present 

model. However, the use of these data would involve the assumption of 

constant consumer expenditure patterns which is far more difficult to 

justify than that of constant activity coefficients for industries with• 

in the complex. The Bureau of Labor Statistics has recently completed 

a study titled, A Survey of Consumer Expenditures 2 for the year 1960· 

61. This study updates the Wharton Stt1dy and can be used as a guide in 

determining the expenditure patterns of consumers in a given area. 

Since the final results of this study are not published, they could 

not be used in determining household expenditures in Duval County. The 

values for household expenditures which are listed in Table 5.2-6 are 

estimates based on the percentage of each industry's output which went 

to the household sector for the year 1947. This assumption, which 

implies that these percentages apply to Duval County, was necessary 

in order to give a numerical example of the methodology to be used in 

determining the contribution of consumer expenditures to the aggregate 

levels of output, employmen~ and income. The results of this analysis 

are summarized in Table 5.2-6. 

1Wharton School of Finance and Commerce, Study of Consumer Ex
penditures, Incomes, and savings. Vol. XVIII, Summary of Family 
Incomes, Expenditures, and Savings AlL Urban Areas Combined - 1950: 
U. S. Department of Labor, Bureau of Labor Statistics, 1957. 

2u. s. Department of Labor, 
of Consumer Expenditures 1960·1961. 
it:ures and Income; 1963, 

Bureau of ~bor Statistics. Survey 
Advance Report of Consumer Expend-
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Table 5.2-6 shows that for consumer food expenditures totaling 

$48,733,162, the Food industry must produce an ouptut of $57,124,535. 

Likewise for a consumer demand equal to $23,407, the Fabricated Metal 

industry must produce an output equal to $40,048. The column of outputs 

was obtained by multiplying the column of household expenditures by the 

matrix formed by the interdependence coefficients. Conceptually, house-

hold expenditures was treated as the only element in the final demand 

sector which is analogous to converting final demand to its correspon-

ding output. By using this modification of the model the required out-

put, for a given level of consumer demand, of any industry in the complex 

can be determined. Related to these outputs are the corresponding levels 

of employment and income which were obtained by the methods in Chapter 3. 

This modification is of particular interest in determining the effects of 

changes in consumer demand on income received within the given complex. 

TABLE 5.2-6--ESTIMATED LEVELS OF CONSUMER EXPENDITURES AND THEIR 
CORRESPONDING OUTPUT BY INDUSTRY TYPE IN DUVAL COUNTY 

Industry Household Output Employment Income 
Expenditures 

(Dollars) (Dollars) ($1,000) 

Food 48,733,162 57,124,535 1,599 6,455 
Lumber 72,446 1,297,877 139 425 
Furniture 3,991,370 4,026 '770 345 1,363 
Paper 339,817 2,916,183 l29 765 
Printing 3,158,885 3 ,680,104 368 1,941 
Chemical 2,876,504 6,775,073 238 1,085 
Stone, Clay, and Glass 1,025,804 2,586,526 185 736 
Fabricated Metal 23,507 40,048 11 54 
Transportation 9,073,164 13,130,102 602 3,044 
Eating and Drinking 1,276,913 1,331,851 127 223 

Source; w. D. Evans, M. Hoffenberg, '~he Interindustry 
Relations Study for 1947, The Review of Economics and Statistics, 
XXXIV, (1952), 97•142. 



The Multiplier and Its Effects on Output, 
Employment, and Wages 
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The previous extensions of the basic model discussed the effects 

of a given schedule of final demand or consumer expenditures on output, 

income, and employment levels. Tha analysis was not concerned with 

relating a change in final demand to a change in output. By using the 

output •nultiplier the change in final demand for the products of an 

industry can be related to its corresponding change in output, employ-

men~ and income. 

Output Multiplier.-- Although the con:ept of the output multi-

plier is cited in the current literature, it is called various names. 

Since the California Study3 has made an extensive use of the output 

multiplier, this thesis shall also refer to it as the output multiplier. 

As previously stated, activity coefficients of the form a1 j state the 

direct output of industry t for each dollar of output by industry j. 

The interdependence coefficients A1j state the direct and indirect out

put from industry i required for each dollar of final demand produced 

by industry J• 

An important difference between activity coefficients and inter-

dependence coefficients is that the former apply to output whereas the 

latter apply to final demand. Interdependence coefficients are 

discussed in Chapters 2 and 4. Consider the following matrix of inter-

dependence coefficients: 

3w. E. Martin and H. 0. Carter, A California Interindustry 
Anallsis Emphasizing Agriculture, Giannini Foundation Report No. 250 
(Berkeley, CAlif.: California Agriculture Experiment Station, Univer
sity of Californa, February, 1962). 
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By examining the elements in any column of the matrix the 

following conclusions arc made: Considering CQlumn 3, A13 shows the 

direct and ind1rect output from industry 1 so that industry 3 may 

deliver one dollar of final demand, AzJ shows the output required from 

industry 2 so that industry 3 may deliver one dollar of final demand 

Therefore, A
1

J represents the output requtred from industry 1 so that 

tndustry J may del1ver one dollar of final demand Each column total 

Wlll be des1gnated as an output multiplier since Lt states the output 

requtred for each dollar of final demand. The total of the sums of 

each column, 1.e., LAiJ is the total output wh1eh must be produced by 

the entire complex in order that one dollar of f1nal demand be produced 

by industry j. For any 1ndustry, the multiplier represents the change 

in gross output in Duval County resulting from an 1ncrease of one dollar 

1n the final demand for the output of that industry. Table 5.2-7 shows 

that an increase of one dollar in the ftnal demand for the products of 

the Food industry will increase its output in Duval County by ~.27489. 

Stmtlarly for every dollar ~ncrease in the final demand of the Lumber 

industry the gross output within the complex will increase by 1.24264. 



TA:SLE 5.2-7--0UTPtrr MULTIPLIERS FOR THE BASIC MODEL 

Industry 

Food 
Lumber 
Furniture 
Paper 
Printing 
Chemical 
Stone, Clay, and Glass 
Fabricated Metal 
Transportation 
Eating and Drinking 

Source: Table 4.3-1. 

Multiplier 

1.27489 
1.24264 
1.22386 
1.65393 
1.47570 
1.35598 
1.20657 
1.03845 
1.49982 
1.41080 

Rank 

6 
7 
8 
L 
3 
5 
9 

10 
2 
4 
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The applications of the input multiplier to marketing analysis 

are presented in the next chapter. A multiplier which is closely related 

to the output multiplier is the weighted output multiplier. The weighted 

output multiplier is defined in the following manner:4 

(5.2-1) E A Xt = l:Atj(AYJ) 

Where E Xi is equal to the total change in output for the n industries 

in the complex associated with a specific final demand change (AYj) for 

sector J. 4 Aij is the output multiplier for sector j, and AYj is its 

corresponding weight. 

The change in output resulting from a 10 percent change in final 

demand is obtained by applying equation (5.2·1) to each final demand in 

Table 5.2-1. From Table 5.2-8, a 10 percent change in the demand for 

4rbirl. p. 13. 



TABLE 5.2-8--CHANGE IN OUTPUT INDUCED BY A TEN PERCENT CHANGE IN FINAL DEMAND 

"1:1 (!) 
Ill 1-< -o ""' 

"" c:: ...... oor:: ..... '0 Q) IJ.< II)Q) 
<il CD -..1.0 Ill CIS·~ U 0 IU...-1 0 ........ 

Industry ...t'O "' 
.... ,.. ..., .... .......... . ..... 

ltl c: <11 ........ QJ ::l co ........ c; QJ ::J ~ ..c c...-. ~ 00 c. ..... 
C::~.-1.-. e0 t:l..-< N Q) 00 c. ..... I: O.O·~ ..:1 l:l '"-' C"\ c:u ........... Ud.UM •II'( ,... ,._, Cll'r'I.U.._,. ltl 

f.>:< (!) 0 1115 0 ~~5'-' It: Q) ...... r:.::: 
QQ ..d Q :1:£ .._, e, ...... c:t..O 

Food 128,028,516 16,322,227 10.8 1 
Lumber 4,957,523 616,041 5.9 9 
Furniture 7,784,528 952,717 12.0 8 
Paper 22,690' 764 3,752,893 8.7 3 
Printing 13,516,330 1, 994,604 12.8 5 
Chemical 16' 860' 128 2,286,199 7.4 4 
Stone, Clay and Glass 12,902,519 1 ,556, 779 9.1 7 
Fabricated Metal 4,073,Lll 422,976 10.1 10 
Transportation 41,387,522 6,207,383 10.4 2 
Eating and Drinking 13,421,030 1,893,425 13.5 6 

llrable 4.2-1 

bchange in output ~ (Final Demand)(Change in Final Demand)(Output Multiplier, 
Table 5.2-7) 

c 
Example: 16,322,227 ~ (128,028,516)(.10)(1;27489) 

Percentage change in output Change in output 
Original output 

Example; l0.8 _ L6,322,227(100) 
- l49,855,762(Table 5.2-i) 

dRanking of the data in column (2), from highest to lowest 

eTable 5.2-7 

Ql ......... 

~ .... 
§:i 

6 
7 
8 
1 
3 
5 
9 

10 
2 
4 
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the products of tha Food ~ndustry increases gross output in the area by 

$16,322,227, wq4ch represents an increase of 10.8 percent in output of 

the Food 1ndustry. In column (3) the percentage chnnges in output are 

very close to the 10 percent change in final demand; the reason for 

th~s is that in the majority of tndustr~es the final demand sector 

accounts for a very large share of the total output of the industry 

such an occurrence would be eliminated tf there had been a larger 

number of industrles in the endogenous sector thereby decreasing the 

magnttude of the f1nal demand. Column (J) shows that a 10 percent 

tncrease 1n the final demand for the products of the Eating and Dr~nk1ng 

mdustry results in a 13.5 percent increase ~n the output of that 

tndustry and an additional $1,893,425 of output for the entire area. 

Therefore, based on a percentage basis, an Lncrease in the final demand 

for the Eattng and Drinking industry offers the greatest percentage 

increase in aggregate output. These percentage changes in industry 

output are quite impress~ve but the magnitude of the 1ncrease is often 

constdered to be of greater signtficance since a greater output results 

in a larger increase 1n employment and income. For example, a 10 per• 

cent tncrease in final demand for the products of the Prtnting tndustry 

results in a 12 8 percent tncrcase in output which 15 0.7 percent 

smaller than the increase attributed to the Eattng and Dr1nking lndus

try. However, the absolute 1ncrease tn output of the Pr1nttng industry 

exceeds that of the Eattng and Drinking tndustry by approximately 

$100,000 
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Employment ~ultiplier.-- The preceding analys4s discusses the 

methodology involved in converting a change in final demand to a change 

1n output SLnce e~ployment and income levels are d4rcctly related to 

output levels, an exam1nat1on of the role of the multiplier 1n deter• 

mining the effects of a change in final demand on the levels of employ• 

ment is interesting. Therefore, this section descr1bes the methodology 

involved 1n relating a change 1n final demand to a change in employment, 

In Chapter 3, employment levels are determined from a given 

f1nal demand schedule. The objective of the present analysis is to 

examine the change 1n employment resulting from a change in final 

demand. The methodology involved in determining changes in employment 

from changes in final demand 4S directly analagous to converting changes 

in final demand to changes in output levels. 

The output multiplier, Yhich is defined by equation 5.2-l, is 

not d1rectly applicable to both problems. For the estimation of em-

ployment levels, instead of output levels, the terms in the equation 

must be redefined. In addition to redef1ning the terms, the existing 

data must be modified 1n order that they be used in the new equation. 

By definition let. 

lj ~ the amount of labor required by industry J 1n 

the production of an output X • 
J 

gj ~ the activity coeff1cient for labor. 

In the previous derivation of the activ1ty coefficients, a 

linear relationsh1p was assumed, 1.e., 



"1J .. aiJXJ 

x 1 j = f(Xj) 

ll5 

A Similar assumption will be made in the present analys1s, i.e., 

S1nce the present analysLs is confined to labor there is no 

need for two subscrLpts. 

Since lJ was defined as the activ1ty coefficient for labor 

(5. 2-2) 

IJ 
8J =Xj 

n 
RememberLng that xj =~ x. LJ 

n 
(5. 2-3) Sim1larly L .. I: lj 

J::l 

Subst1tuting equat1on (5.2-2) into (5. 2-3) 

(5.2-4) 

Therefore equation (5.2-4) may be written in matrLx form 

(5. 2-5) L = (G) (X) 

However 

(5. 2-6) X = (I-A) ·ly 

SubstLtutLng (5,2-6) into (5.2-5) 

(5.2-7) L .. G(l-A)•ly 

Equation (5.2-7) LS an interesting equation and should be exam• 

1ned in detaLl. G1ven a fLnal demand schedule Y, the model (equation) 

WLll determine the level of employment necessary to produce the output 
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requ~red by the demand schedule. This extension appears to be sim1lar 

to the discussion concerning the conversion of output to employment in 

Chapter 3. However there is one basic difference, namely the convers~on 

presented in Chapter 3 appl1ed national productivLty data to a particular 

region whereas the present extens1on uses the productivity f~gures ob

tained from a direct analysis of the given region. Undoubtedly, it is 

advantageous to use productivity values obta1ned from the region under 

consideration; however, on occas1on this may be d1ff1cult s1nce the 

total output of the industry may be unknown. 

In its present form, equat1on (5.2-7) does not relate the 

effects of a change 1n the final demand for the products of an tndustry 

to a change in labor requirements. However it may be written 1n the 

following form: 

(5.2-8) 

where Aj is the column vector in the interdependence matrix corres

pondlng to industry j The economic interpretat1on of the interdepen

dence coefftcient Aij represents the direct and 1nd1rect output required 

from ~ndustry i so that industry J could furn~sh one dollar of final 

demand. Stmilarly (G)(Aj), the employment multiplier, 1nd~cates the 

amount of labor required both dtrectly and indirectly by industry J so 

that 1t may produce one dollar of final demand. 

The results of apply~ng ~quat1on (5.2-8} to the f1nal demand 

data ~n Table 5.2-8 are listed in Table 5.2•9. Columns (1} and (2) 

contain employment and output data for Duval County. The elements in 

column (3) were obtained by computing the ratio of output to employment 



food 4195 
Lumber u.o; 
Furniture 682 

1090 
Printing 1560 
Chemicals 1093 
Stone, Clay,and Glass 1227 
Fabricated Me tal 11.44 

'IT em~ porta tion 2745 
Eating and Drinking 1341 

nobtained from Table 4.1~1 

00btaine<l from !.able 4.2··1 

149 '762 
lO ,269,362 
7.'143,124 

43,002,534 
15,573 
30,988,309 
i7 > 113,840 
4,202,438 

59,884 '79 s 
14, OJ6 ,J80 

cCclumn (1) divided by column (2) 

.027994 

.l.0/7'36 

.085860 
,044392 
.100170 
.035271 
.07Hi96 
.272222 
.045654 
.09 553 7 

.0381354 

.1227051 

.W68955 

.0726059 

.l285989 

.0527243 

.08362.26 

.2782710 

.0696969 

.t139854 

488 
61 
83 

165 
173 
88 

107 
U3 
288 
l.S2 

2.55 
0.32 
0.43 
0.86 
0.91 
0,£46 
0. 56 
0. 59 
L5l 
0.80 

dma.ained by IDUltip the row vector of employment coefficients lht::ed in column Cl) by the 
colu~m vector of interdependence coefficients (Table 4.3-l) corresponding t::o the sector indicated at 
t::hil left. Example: (.027994){LHil73) + (.107796)(.00597) ••... (.09.5.537)(0.0)"' .0381354 

1 Demand, $1,000)(.10)(Column (4) coefficients) 

fObtaiued by dividing each e lenumt i.n coh.1ro.n by 1.9091, which h the total m .. unber of employ-
ees in Duval County. Total employment in the ~ibove indui!lt.rhs is 17,004 which represents 89 pen:<ant of 
the employees engaged in ruanufaccuring industries in Duval Co~nty. 



118 

for each industry, and may be interpreted as activity coefficients for 

labor. However, activity coeffic4ents determLne only the direct labor 

requ1rements per $1000 of output, i.e., there is no cons1deration given 

to the indirect requirements for labor. 

In order to obtain both the direct and 1ndireet labor require

ments per $1000 of final demand, the term CAj,j=l,2, •.• n, must be 

computed by multLplying the row vector in column (3) by each column 

vector in the matrix formed by the 1nterdependence coeff1c1ents. The 

product of this answer and the change in fLnal demand determines the 

effect of the change in final demand on employment. 

From Table 5,2-9, a 10 percent increase 1n f1nal demand in

creases employment in the Food industry by 488._ Likewise employment 

in the Lumber, Furn1ture, and Paper 1ndustries increased by 65, 83, 

and 165, respectively. 

Column (6) g1ves the percentage change in total employment 

result1ng from a 10 percent increase in final damand. The usefulness 

of the model in study1ng structural changes in the complex is beyond 

comprehension, For example, in the Furniture and Chemical industries, 

a 10 percent increase in final demand has nearly the same effect on 

employment in both of these industries, 83 additional workers Ln the 

Furntture industry and 88 in the Chem1cal industry. Now examine the 

dollar changes in final demand necessary to generate th~s addLt~onal 

employment. From Table 5.2-8, a 10 percent change in final demand is 

equal to $778,453 for the FurnLture industry and $1,686,013 for the 

Chenical 1ndustry. Therefore, for every dollar of ftnal demand expend

itures received by tbe Furniture industry, approximately two dollars 
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must be rece1ved by the Chemical industry in order that the change in 

employment be equal for both 1ndustrles. 

The Food industry has the greatest effect on employment s1nce 

a 10 percent 1ncrease in final demand generates 488 additional Jobs 

However, this statistic must be interpreted in conJunctlon with the 

employment multipl1er which is g1ven in column (4), Table 5.2-9. The 

employment multiplier for the Food industry is 0.38 which means that 

for every increase of $1,000,000 of final demand in the Food sector, 

38 add1tional jobs will be created. The same increase in final demand 

will add 123 employees to the Lumber industry payroll. Although the 

Food industry has the largest effect on employment, it also requires 

the greatest amount of expenditures, 

Income Multipl1er.-- The previous sections conta1n a discus-

sion of the output and employment multipliers. This sect1on concen-

trates on the income multiplier. The dcrivat1on of the 1ncome 

multiplier is analagous to that of the employment mult1pl1er. In 

fact, equation (5.2-8} can be written in the more general form. 

(5.2-9) (J = 1,2 ••• n) 

~ere: 

~QJ = the change 1n any resource Q required 
by tndustry J so that a gtven schedule 
of final demand may be delivered by J• 

Qa = row vector of activity coefftcients 
for resource Q. 

Aj = column vector in the interdependence 
matr1X correspond1ng to industry j. 

~y = The change (dollars) in f1nal demand. 
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Table 5.2-10 was obtaLnud by considering Lncome as the resource 

Q and applylng equat1on (5.2·9) to the income data. Column (3) repre• 

sents the dtrect Lncome re~cived by the employees per $1000 of output, 

Income in the present context LS defined as the gross earnLngs paid to 

the employees of each industry. All forms of compensation arc included 

Ln thLS figure such as salar1es, wages, and commissions. Excluded from 

this income f1gure are payments to the proprLetor or partners of unin

corporated bus1nesses. Direct and indirect Lncome per $1,000 of final 

demand is calculated by comput1ng Q8 AJ. The erfect of a 10 percent 

change 1n f1nal demand on Lncome lS calculated from equation (5.2-9), 

The Lncome multipliers 1.n column (4) show that a change 

Ln f1nal demand in the Printing industry has the greatest effect on 

income levels since $684.83, the largest amount, 1s generated by a 

10 percent 1ncrease in final demand. This represents a 1.2 percent 

increase Ln income for the entLre complex. The Food industry has the 

lowest income multiplier in the entire complox. A 10 percent change 

ln the final demand of the Food industry necessitates a $13 rn1ll1on 

expend1ture whereas a comparable change in the Lumber industry requLres 

a $.5 million change in expenditures. Column (6) shows that the effect 

of the Food industry on income is 10 times that of the Lumber industry, 

but that the e~penditures required by the Food industry are 24 times 

as large as those required by the Lumber 1ndustry. 

The Furn1ture and Eating and Dr1nking industries have identi-

cal effects on aggregate income. However, expendLturcs o( only 

$778,453 are required for the rurnlture ~ndustry while $1,342,103 are 

requ~red for the Eating and Dr4nk4ng ~nJustry. 



TABLE 5.2-10--CHANGE IN INCOME INDUCED BY A TEN PERCENT CHANGE IN FINAL DEMAND 

Indus cry 

Food 
Lumber 
Furniture 
Paper 
Printing 
Chemical 
Stone, C1ay,and Glass 
Fabricated Metal 
Transp()rtation 
Eating and Drinking 

16957 
3392 
269.5 

11332 
8234 
4983 
4941 

(d) 
13888 
2353 

aobtained from Table 4.4-2. 
bobtained from T~ble 4.2-l. 

149,855,762 
10,269,362 
7,943,124 

43,002 • .534 
15,573,448 
30,988,309 
17 ,11.3. 840 
4,203,438 

59,884.795 
14,036,380 
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a. ~ 

2,007 2 .61 
202 .26 
317 .41 
952 1.24 
925 1.20 
394 .51 
441 .57 
189 .25 

1,445 1.88 
320 .41 

cobtained by dividing each element in column (1) by its corresponding entry in column (2). 
dThe direct wages per $1000 of output were not calculated directly from the Duval Data since 

the income per worker in Duval County is greater than the national average productivity of workers 
in tbis industry (TDble 4.4-1). Therefore if tbis data were used in the calculation of direct wages 
per ~1000 of output, the value of the wages would exceed the value of the output of that industry. 
This condition will not exist when the analysis is based on the data obtained from a survey. $450 
represents an average value based on other interindustry studies. 

eobtained by multiplying the row vector of income coefficients listed in column (3) by the 
column vector of interdependence coefficients (Table 4.3-1) corresponding to the sector indicated 
at the left. Example: (113.15)(1.16174) + (330.30)(.00597) ••• (16i.64)(0,0) .. 156.79 

fchange in wages= (Final Demand)(.lO)(Column (4) coefficients) 
&obtained by dividing each element in column (6) by $76,863,000, the total payroll in Duval 

County. The above industries account for 90 percent of this total. 
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An Aggregate Model Constructed From the Basic Hodel 

Previous discussions bave coneidered the advantages in perform

ing a pilot study prior to conducting a survey. Tbe results of the 

pilot study furnish data which permit a more intelligent design of the 

interindustry model. After tbe pilot study is completed. tbe staff of 

interviewers begin the survey. The survey furnishes the interindustry 

group with reams of information to classify. aggregate. and analyze. 

Tbe objective of the present modification is to examine the methodology 

involved in conducting a prel~inary analysis of tbe data obtained from 

the survey. 

There are several advantages 1n performing a preliminary study 

before beginning the detailed analysis. First. the task of analyzing 

all the data obtained from the survey is very great, The resources 

wbich are allocated for the study may be insufficient for ita completion. 

Inaccurate estimates of the resources required for an interindustry 

study are not unusual since it is difficult to attach a direct dollar 

value to the cost of contacting each different datum source. In the 

event that tbere are not enough resources available to complete tbe 

detailed analysis. tbe modification described in this section provides 

a method for obtaining some information from the detailed data. 

Tke second advantage in performing this prelU9inary analysis 

is tbat it may decrease the time required for the completion of the 

study. Possibly there will be situations in which au interindustry 

model is used to solve a short•run problem and hence there may be no 

time for a detailed analysis of the data. This extension provides 
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a method for performing such an analysis. The modification under 

consideration condenses data in the form of a m by n matrix into one 

of (m-k) by (n-k). 

In Table 4.2-1, the flows in the exogenous sector are not 

distributed over each component in the final demand sector, i.e., the 

final demand figure is one aggregate figure. Table 5.2-11 contains a 

complete breakdown of inter1ndustry flows for tbe Duval complex. The 

intertnduatry flows in the endogenous sector are identtcal to those in 

Table 4.2•1. The difference be~een Table 4.2•1 and Table 5.2-11 is 

that the latter distributes the aggregate final demand figure over its 

component parts whereas the former reports one total figure for final 

demand. Table 5.2-12 contains the activity coefficients for the data 

in Table 5.2-ll. Although the activity coefficients for the exogenous 

sector are not considered constant, they were calculated for use in 

other modifications of tbe model. 

As described in Chapter 3, the methodology involved in allocat

Lng the final demand over its component parts is quite arbitrary. 

Average ratios from other interindustry studies were examieed and then 

applied to the current model. Therefore, tbe entries in the exogenous 

sector may or may not resemble the actual conditions in Duval County, 

However, neither the activity coefficients nor the interdependence 

coefficients are dependent on exogenous flows since they are derived 

from endogenous flows. 

The basic and most important step in this modification is the 

aggregation of industries. The aggregation of industries is a 



TABLE 5.2-11--lNTERINDUSTRY FLOWS 
(Dollars) 

Industry 

1. Food 
2. Lumber 
3. Furniture 
4. Paper 
5. Printing 
6. Chemical 
7. Stone, Cla~ and Glass 
8. Fabricated Metals 
9. Transportation 

10. Eating and Drinking 
11. Construction 
12. Government 
13, Inventory Change 
14. Gross Private Capital Formation 
15. Households 
16. Imports 

Total 

Industry 

1. Food 
2. Lumber 
3. Furniture 
4. Paper 
5. Printing 
6. Chemical 
7. Stone, Clay and Glass 
8. Fabricated Metals 
9. Transportation 

10. Eating and Drinking 
11. Construction 
12. Government 
13. Inventory Change 
14. Households 
15. Imports 

Total 

Source: Table 4. 2-l. 

Food Lumber Furniture 

19,762,006 585 993 
32),799 1,871, 701 1,063,440 

19,328 
1,823,044 7,786 41,725 

157,6 52 
5,841,305 44,768 172.993 
1,016,628 24,628 94,562 

13,679 
10,040 1,602 

464,862 19,511 19,063 
4,513,668 578,165 307,398 
1,589,531 38,126 
DEPRECIATION AND OTHER CAPITAL CONSUMP-

24,837,643 4,386,044 2,919,098 
89,513,584 3,334,572 3,252,719 

149,855,762 10,269,362 7.943,124 

Transpor-
tat ion 

195,404 
108,092 
138,393 

465.544 
808,025 

40,601 
18,482,962 

179,654 
2,748,709 

23.9 53 
13,863,330 
22,830,128 

59,884,795 

Eating 
and 
Drinking 

366,906 
506 

5,980 
3,102 
4,486 
6,190 

1,470 
566,920 
77,200 

1,490,663 

4,498,659 
7,014,298 

14,036,380 

Construc
tion 

2,509,725 
541,404 
380,524 

928,700 
5,231,018 

104,260 

1,000,000 
2,000,000 
1,000,000 

13,695,631 
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TABLE ~.2-ll·•(Continued) 

Paper Printing Chemical Stone Fabricated Clay 
Glass Metal 

163,581 825 1,525,368 6,982 
1,683,893 1,463 100,157 60,210 9,266 

31,176 
14,294,214 2,620,336 737,459 633,263 9,220 

1,861,286 35,078 
1,008,581 234.738 5,915,575 408,274 31,917 

156,572 574,647 1,519,110 10,959 
75,047 

2,669 
48,430 

227,913 35,818 77,470 118,085 8,825 
2, 704,859 808,261 1,679,566 1,139,781 204,658 

473,027 62,293 306.784 
TION ALLOWANCES ARE INCLUDED IN THE HOUSEHOLD ROW 

11,761,193 7,328,864 7. 564,246 7,966,492 1,710,812 
10,497,525 2. 571,134 12,471,959 5,258,974 2,141,734 

43,002,534 15,573,448 30,988,309 17,113,840 4,202,438 

Gross 
Government Inventory Private Households Exports 

Change Capital 
Formation 

159,957 134,268 48,733,162 79,101, lJ3 
15,071 187,583 38,745 72,446 2,133,953 

142,26 7 213,400 192,267 3,991,370 2,703,820 
132,210 98,582 339,817 21,739,981 
330,930 188,713 3,158,885 9,837,802 
271,213 445,858 2,876,504 12,337,853 

51,145 297,250 454,618 1,025,804 5,842,684 
7,123 26,638 257,743 23,507 3, 758, LOO 

438,556 1,16:2.589 8,647,019 9,073,164 21,960,464 
12' 762,890 6.58,140 

aoo,ooo 3,500,000 100,000 
2,000,000 18,000,000 

500,000 
25,000,000 20,000,000 
1,000,000 22,000,000 

30,348,472 3,066,164 13,279,105 122,157.549 180,073,930 



TABLE 5.2-12--ACTlVlTY COEFFICIENTS 

Stoae 
Industry Food Lumber Furni- Paper Printing Chemical Clay Fabricated 

ture and Metal 
Glau 

Food .131870 .000057 .000125 .003804 .000053 .049224 .000408 .000000 
Lumber .002114 .182243 .133882 .039158 .000094 .003232 .003518 .002205 
Furniture .000000 .000000 .002433 .000725 .000000 .000000 .000000 .000000 
Paper .012165 .000758 .005253 .332409 .168256 .023798 .037024 .002194 
Printing .001052 .000000 .000000 .000000 .119509 .001132 .000000 .000000 
Chemical .038979 .004359 .021779 .023454 .015073 .190897 .023855 .007 595 
Stone. Clay, and Glass .006784 .002398 .011905 .003&41 .oooooo .018544 .088765 .002&08 
Fabricated Metal .000000 .000000 .001722 .000000 .000000 .000000 .000000 .017858 
Transpora tion .000067 .000156 .000000 .000000 .000000 .000000 .000156 .000000 
Eating and Drinking .000000 .000000 .000000 .000000 .000311 .000000 .000000 .000000 
Construction .003099 .001899 .002399 .005299 .002299 .002499 .006899 .020999 
Government .030099 .056299 .038699 .062899 .051899 .054199 .066 599 .048700 
Inventory Change .010599 ·000000 .004799 .010999 .003999 .098999 .000000 .000000 
Gross Private Capital - - - - - - -

Formation 
Households .166299 .427099 .367499 .273499 .470599 .244099 .465499 .407100 
Imports .596933 .324710 .409501 .244114 .165097 .402473 .307293 • 509641 

Source: Table 5.2-11. 



TABLE 5.2·12--(Continued) 

Grosa 
Transpor- Eating Construe- Govern- Inventory Private House- Exports 
tatlon and tion ment Change Capital holds 

Drink ins Formation 

Food .000000 .261397 .000000 .005271 .043789 .000000 .398936 .439270 
Lumber .003263 .000361 .183250 .000497 .061178 .002918 .000593 .011850 
Furniture .001805 .000000 .039531 .004688 .069598 • 014479 .032673 .015015 
Paper .002311 .004261 .027784 .0043.56 .032152 ,000000 ,002781 .120728 
Printing .000000 .002210 .000000 .010904 .000000 .014211 .025859 .054632 
Chemical .007774 .003196 .067809 .008937 .145412 .000000 .023547 .068515 
Stone, Clay, and Glass .013493 .004410 .381947 ,001685 .096945 .034236 .008397 .032446 
Fabricated Metal .000678 .000000 .000000 .000235 .008688 .019410 .000192 .020870 
Transportation ,308642 .000105 .007612 .014451 .379167 .651175 .074274 .121952 
Eating and Drinking .000000 .040390 .000000 .000000 .000000 .000000 .104478 .003655 
Cons true t ion .062999 .005499 .000000 .026361 .000000 .263572 .000818 .000000 
Government .045899 .106199 .073015 .065901 .000000 .000000 .147350 .000000 
Inventory Change .000399 .000000 .146031 .000000 .163070 .000000 .000000 .000000 
Cross Private Capital - - - -Fonnation 
Households .231499 .320499 .073015 .823765 .000000 .000000 .000000 .111064 
Xmporta .381234 .499722 .000000 .032951 .000000 .000000 .180095 .000000 



complex problem and is d~scusaed at length in a later chapter. Many 

problems are encountered in aggregating the industries in the illustra· 

tive model since it has only ten industr~es in the endogenous sector. 

If a survey were performed each industry would bave been broken down 

into its prtmary components. For example. instead of listing the Food 

industry as one entry there might be eight entries. such as Meat Pro• 

ducts. Dairy Products. Canning and Preserving Fru~ts, Grain Mill Pro

ducts, Bakery Products. Sugar, Confectionery and Related Products, and 

the Beverage industry. ln this extens~onoftbe model, these sub-indus

try classifications would then be combined into one, the Food industry. 

However. for ~llustrative purposes the aggregation of industries may 

continue as illustrated in Table 5.2·13. 

Tbe Food industry, which is called Agriculture, was not com• 

bined with any other industry since there was no industry closely 

related to it. The Lumber, Furniture. and Paper industries were com

bined and titled Forestry Products. The title given to this aggregate 

industry is arbitrary. The industries were combined by a vertical 

addition of row entries in Table 5.2-11. For example. the oucput of 

Forest Products to the Agriculture Sector is $2.148.843 and is equal to 

the sum of $325.799 and $1.823,044. Likewise. the gross output of the 

Forest Product sector is equal to $61,215,020 which is the sum of 

$10,269,362. $7.943,124, and $43,002.534. 

S~ilar combinations are made in the remain1ng sectors, 

Printing and Chemicals are called Manufacturing; Stone, Clay, and Glass 

and Fabricated Metals are Building Supplies. Transportation and Eating 
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are Services, Government, Construction and Inventory Change are Govern-

ment. The Household and Import sectors are not combined with any other 

industry. As previously state~, the above industry combinations ~ould 

be different if the model bad more Lndustries. The purpose Ln aggrega-

ting the Lndustries is to provide a numerical example of this modifica-

t1on to the basic model. 

The dlstr1bution coeffic1ents in Table 5.2-14 are obtaLned 

from the Lnterindustry flows in Table 5.2-11. The distributlon coeffi-

cients are defined by the following equation diJ = J..e , each 

element in the table was divided by its row total. distribution 

coeffic1ents show the manner in which the output of an J.ndustry is 

dlstributed to the other 1ndustr1es in the compleK. Hence 3.5 percent 

( .035103 out of every dollar of output), of the Forestry industry 

output. goes to Agr1culture, 31 percent remains in the Forestry tndus-

try and 7.5 percent goes to Household. A sim1lar analys1s may be 

applied to each industry in the model. 

Table 5.2-15 contains the coefficients for the transactions 

table (Table 5.2-11). Table 5.2-16, the matrix of interdependence 

coeffictents, is obtained from the activity coeff1cients by the methods 

stated in Chapter 2. The economic interpretations of the activJ.ty and 

interdependence coeff1cients are identical to those described in the 

previous modifLcations. The only dLfference between the present 

coeff1cients and those used in the previous extensions 1s that the 

former apply to the aggregate industries instead of the Lndividual 

industry listed 1n the origtnal model. 



TABLE 5.2-13--AGGREGATED INTERINDUSTRY FLOWS 
(Dollars) 

Industry Agriculture Forestry Manufacturing 

Agriculture 19,762,006 165,159 1,526,193 
Forestry 2,148,843 19,013,263 3,459,415 
Manufacturing 5,998,957 1, 226,342 8,046,677 
Building Supplies 1,016,628 289,441 574,647 
Services 10,040 1,602 48.430 
Government 6,468,01)1 4,368,0&2 2,970,192 
Households 24,937,643 19,066,335 14,893,110 
Imports 89,513,584 17,084,816 15,043,093 

TOTAL 149,855,762 61,215,020 46,561,757 

Source: Table 4. 2-1. 

TABLE 5.2-13 --(Continued) 

Industry Services Government Households Exports 

Agr icu 1 ture 366,906 294,221 48,733,162 79,~01,133 
Forestry 448,375 4,220. 766 4,634,645 26,577,754 
Manufacturing 473,132 1,976,701 6. 224,102 22,175,655 
Building Supplies 854,816 5,613,174 1,761,672 9,600,784 
Services 19,051.352 1,705,405 30,483,073 22,618,604 
Government 4,520,179 6,300,000 21,&00,000 
Households 18,361,989 26,000,000 20,000,000 
Imports 29,844 ,1+26 1,000,000 22,000,000 

TCYrAL 73,921,175 471110 >267 135,436,654 180,073,930 
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Building 
Supplies 

6,982 
711 '959 
440,191 

1,505,116 
2,669 

1,471,349 
9,&77,304 
7,400,708 

21,31&,278 

Total 

149,855,762 
61,215,020 
46,561,757 
21,316,278 
73,921,175 
47' 797,843 

132,936,381 
181,866,627 

715,490,843 



TABLE ~.2-14-·DISTRIBUTION CO.HfiCI.ENTS 

--··········-···-···~-----·· 

Industry Agricul- fore a try Manufac- Building Services Govern- House- Exports 
tUI:'E turing Supplies ment holds -

Agr i.<:ul ture .131736 .001.10 l .010L78 .000047 .002447 .001962 .324980 .527496 
For~s try .03 5103 .310598 .J56 513 .0116 30 .007325 .068950 .075711 .434170 
Manufacturing .128839 .026338 .1728!.7 .0091•54 .010161 .01<2453 .1336 74 .4 76.?.63 
Building Supplies .047693 .013}'78 . 0269 58 .075300 .040102 • 26 3328 .082644 .450397 
Services .000136 .000022 .000655 .000037 .547725 .023071 .412373 .305983 
Government .137413 .091386 • 062!41 .030783 .094.569 . Ul805 .451903 
Households . 18 7 590 .t4342S .112032 . on. 797 • L38127 .195582 --- .1504./48 
Imports .492139 .093931 .081706 .040689 . 164033 .005498 .120954 

-



TABLE 5.2-lS--ACTIVITY COEFFICIENTS 

Industry Agricul- Forestry Manufac- Building Services Gar ern- House- Exports 
ture turing Supplies went holda 

.Agriculture .131786 .002698 .032778 .000328 .004963 .006245 .359823 .439270 
forestry .014330 .310598 .074297 .033400 .006066 .089593 .034220 .147594 
Manufacturing .040004 .020033 .172817 .020650 .006400 .041959 .045956 .123148 
Building Supplies .006780 .004727 .012342 .075300 .011564 .119150 .013007 .053316 
Services .000067 .000026 .001040 .000125 .257725 .036200 .225073 .125145 
Government .043800 .071356 .063790 .069025 .061149 .133729 .159484 
Households .166300 .311465 .319857 .453987 .248400 • 551897 .111066 
Exports .596933 .279095 .323078 .347186 .403733 .021227 .162438 

Source: Table 5.2-13 

TABLE 5.2-16--INTERDEPENDENCE COEFFICIENTS 

Industry Agriculture Forestry Manufacturing Building Services 
Supplies 

Agr icu 1 ture l.154093 .008782 .. 046553 .001766 .005523 
Forestry .030554 1.454891 .132734 .055526 .014101 
Manufacturing .056294 .012144 L212698 .027544 .033194 
Building Supplies .007034 .013401 .018095 1.082504 .010524 
Services .000185 .000103 .001714 .006224 1.347232 

Source: Table 5.2-15 
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The Import Problem 

The obJective of the import problem is to examine the effects 

of output and ftnal demand levels on the imports in the complex. The 

magnitude of the import flows are of parttcular tnterest since they 

represent the relattonttonshtp between the given complex and the 

remainder of the world. The present analysts wtll not angwer any 

questions regarding the advantages or disadvantages of tmports into a 

region, however 1t will present a method of obtaining the relevant data 

upon which the analysts may be based. 

The activity coefftctents which apply to the import sector are 

expressed in terms of dtrect tmports per dollar of output In order to 

obtain this tnfor~ation, a complete breakdown of tntertndustry flows is 

necessary both in the endogenous and the exogenous sectors of the flow 

table. Therefore, the tmport activity coefficients are obtatned from 

Table 5.2-12. In essence these represent direct lmports per dollar 

of output and are calculated by d~viding each entry in the Import row 

by 1ts corresponding column total. The results of these calculations 

are listed Ln Table 5.2-17. Therefore for every dollar of output by 

the Food industry, sixty cents (.59693) worth of foreign goods must be 

imported. Likewise twenty-four cents (.2441) must be imported by the 

Paper industry. 

A knowledge of direct imports per dollar of output is help

ful but lt does not include a complete analysis of the import problem. 

As prev~ou&ly dtscussed, both the d1rect and ind1rect requirements sh~uld 

be C<Jnsidered. Agatn the concept of the multiplier solves this problem, 

in thts case it is called the 1mport multiplier. 
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TABLE 5.2-17·-lHPORTS GENERAtED BY THE OUTPUT OF THE ENDOGENOUS INDUSTRIES 

Industries Direct Imports Di"rec t and Effects of 107. 
Per Dollar Indirect Change in Final 
of Output Imports per Demand on 

Dollar of Impo-rts ($1000) 

{1} Finah~mand !Jl 

Food .59693 .73202 9371 
Lumber .32471 .40530 200 
Furniture .40950 .48431 377 
Paper .24411 .44241 1004 
Printing .16510 .28152 381 
Chemicals .40247 .53378 900 
Stone. Clay and Glass .30729 ,J715l 479 
Fabricated Metal .50964 . 56146 229 
Transportation .38123 .56934 2356 
Eating and Drinking .49972 • 73108 981 

(1) From row 17 Table 5.2-12 

(2) Obtained by multiplying the row vector of tmport coefficient& 
listed in column (l) by the column vector of interdependenc' coefficients 
(Table 4.3-1) corresponding to tbe sector indicated at the left. 

Exawple: (.59693)(1.16173) + (.32471)(.00597) + (.40950)(.00002) 
...... ( .499722)( .o .0) •• 7 3202 

(3) Change in imports = (Final Demand, Table(S.Z-8)(.10) 
(Coefficients in column (2)) 

Example: (128,028,51&)(,10)(.73202) • 9371 
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In the discusston of the 1ncome multlplier, equation (5 2-9) 

was stated to he general and could be applted to different types of 

resources. In thls analys1s, it w1ll be used to determ1ne the change 

in 1mports result1ng from a change 1n final demand. The multlplier 

cons1ders both the direct and 1nd1rect effects of imports due to a 

change 1n f1nal demand In order to obta1n the lmport mult1plier for 

any industry the row vector of activtty coeff1c1ents 1s multiplted by 

the appropr1ate column uf the interdependence matr1x. The results 

of th1s multiplication are found 1n colu~n (2) of Table 5 2-17. 

From column (2), it is observed that for every dollar increase 

1n the final demand for the pruducts of the Food 1ndustry seventy-three 

( 73202) cents worth of import w1ll enter the complex. Gtven a 10 per-

cent change 1n f1nal demand, $9,371,000 worth of 1mports Wtll enter 

the complex in the form of imports to the Food lndustry S1m1larly. 

for every dollar ~ncrease in the ftnal demand of the Chemical tndustry, 

$900,000 worth of imports w1ll enter the complex. 

The Extenston of the Baste Model to the Wholesale, 
Retail,and Service ~ectors 

Thus far, all of the tndustries in the endogenous sector. w1th 

the except1on of the Eat1ng and Drtnking tndustry, are bas1cally manu· 

facturing 1ndustries. However, 1nput-output analys1s need not be 

conf1ned t0 this sector, although the majortty Jf the current interin· 

dustry models emphas1ze the manufactur1ng sector. The primary reason 

for this actlon is that the nat1onal interindustry study dld not pub-

lish activity coeffictents for the other sectors. Since the majortty 
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of the regional studies base their analyses on the national coeffi

Clents, their analyses are also limited to the manufacturing sector. 

However, in the event a survey 1s taken, the data would be 

ava1lable so that the wholesale, reta1l, and service sectors may be 

included in the model. The add~t1on of these sectors poses no con

ceptual problems s1nce the or1ginal der1vation of the model 1s general 

and independent of the type of product produced by the industry How

ever, some of the assumptions made 1n interindustry analys1s must be 

re-exam1ned. The most 1mportant one is the assumption of constant 

act1vity coeffic1ents. A good argument in favor of this assumption 

can be presented for the manufacturing sector. For example, 1t 1s 

qu1te poss1ble that the amount of chem1cals 1n the form of preserva

tLves, used by the Lumber industry, 18 a fixed percentage of its uutput 

The argument may also be extended to the serv1ce industrles. For 

example, commercial laundries may use a fixed percentage of cleaning 

agents per unit of finished product. 

However, when this assumption ie applied to the wholesale and 

reta1l sectors, it may be more difficult to substantiate. For example, 

the amount of chem1c~ls used by food stores in the reta1l sector for 

cleaning and related purposes may be 1ndependent of output. An empir

ical study should be undertaken before any general1zation can be made 

on the validity of the assumpt1on of constant act1vity coeffic1ents in 

each of the sectors. The obJective of th1s extension is not to under

take such a study, but to state that interindustry analysis can 1n 

theory be applied to many sectors of the economy. 
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The addition of these ,Jther industries to the model will affect 

both the exogenous and endogenous sectors of the model. In many inter· 

industry studies, the export column in the ff.nal demand sector is con-

sidered a residual, i.e., the ouput of an industry which cannot be 

attributed to any industry in either the endogenous or exogenous 

sector is counted as an export or an import.. Therefore, with the addi· 

tion of new industries in the endogenous sector, the value of exp0rts 

will decrease and permit a more realistic estimate of the final demand 

figure. 

The transactions matrix would be of the following form: 

Manufacturing 

Wholesale 
Retail 
Service 
Final Demand 

Total Amount Input 

Manufac
turing 

Whole
sale 

Retail Service Final 
Demand 

Total 
Output 

Each of the above sectors wouLd contain the d.>minant f.ndustri.es 

in the complex corresponding to its particular sector. The transactions 

table cvuld then be converted into an activity matrix which in turn 

could generate the interdependepce coefficients. All of the previous 

modifications of the basic modeL could be made to the above transac-

ti.ons table. 



CHAPTER 6 

MARKETING INTERPRETATIONS OF IHE BASIC MODEL AND 
ITS MODIFICATIONS 

The introduction contains a discussion of the broadened domain 

of marketing thought The analys~s ~mplies that the study of marketing 

involves not only an exarninatLon of the commodity, institutional,and 

functional approach, but also a complete exam~nat~on of the structural 

lnterdependence of all firms in a given area. Alderson has called 

thLs synthesis functionalism. Functionalism, a recent innovation in 

market~ng theory, is in an early stage of 1ts development, and hence 

is subJected to a var1ety of critLcisrns 

One of the common crtticisms of this approach is that it is too 

general and cannot be applied directly to current marketing problems. 

Th~s sect~on is a response to such a critic1.sm. The applicat~on of 

Leontief input-output models to marketing 1mpl~es an acceptance of 

functionalism. Basic to any 1nterindustry model, is the structural 

relationship between seemingly autonomous sectors. These relationships 

form the foundations of funct~onalism. 

As previously stated, functionalism, in addition to ~ncreasing 

the domain of marketing analysis, also consolLdates the commodity, 1n• 

stitutional and functlonal approach so as to provide a conceptual 

framework for decision making The use of lnterLndustry models for the 

138 
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solution of market~ng problems exempl1fies th1s statement. The construc

tion of the transactions matrix, wh1ch LS a prerequis1te for every 

inter~ndustry model, requires large quant1ties of data. The commodity, 

funct1ona1,and institutional approaches to market~ng not only aid in 

the collectLng of data, but also provide a method for 1ts classifica

tion and aggregation. The data must also be presented in a logical 

and cons1stent order. The above approaches to marketing are a means 

to th1s end 

Unfortunately, the knowledge obtalnerl from any part~cular 

approach 1s ~r l1m1ted value unless ~t LS comb1ned with the results of 

the other approaches The results of such a consolidation should then 

be subJected to many techn1ques of market analys1s However, the 

market analysis is usually teDmLnated after us1ng one of the three 

approaches. 

There are several d1sadvantages to the trad1tional approaches 

to market analys1s FLrsL, the scope of the study is l1m1ted Th1s 

lun1tat1on may be intentlonal since there may be a limlt on ava1lable 

resources. The other d1sadvantage and probably the most Lmportant one 

~s that frequently there 1s no attempt to fuse the results of one 

approach w1th the results obta1ned from prev1ous stud1es us1ng a dlffer

ent type of methodology. !h1s type of analysis is 1n complete disagree

ment W1th the bas1c concepts of £unct1onal1sm. 

At best, the results of the d1fferent approaches are usually 

combined but not used as effect1vely as poss1ble There are very few 

instances where a market1ng prlnciple, which was developed from any 



of the preceding approaches, lS related to other pcrt1neot economic 

phenomena. A market1ng prlnciple, 1f ~t is to be a principle, cannot 

exist in a vacuum, it must be der1ved and applied to an ex1sting 

s1tuation in wh1ch none of the elements are independent. 

Input-output analys~s ~s one method of using the results of 

traditional marketing analys1s to solve a variety of related problems 

Undoubted!), new and better methods w1ll evolve, howcver,any success

ful method will be the one wh1ch emphasi~es the effects of one firm on 

the marketing deciblons of another. In the realm of poss1ble use are 

the techn1ques of game theory and act1v1ty analys1s. However, these 

techn1ques have not been useful 1n empir1cal studies as Lnput-output 

analys1s. 

Unfortunately, the maJOrLty of the work done in the f1eld of 

market research applies to the activ1t~es of an indiv1dual firm. It 

appears that the disc1pline LS 1n need of general princ1ples that may 

be applied in a variety of situatlons. One step in thls dlrection 1s 

a cons1derat1on of the dependence of each f1rm on the remaining firms 

in the complex Alderson has emphaslLed th1s need in his theory of 

funct1onal1sm, input-output models are a partial answer. 

6.1 Marketing Uses of Interindustry Data 

Each of the modifications of the basic model contained in 

Chapter 5 deals with a different facet of the 1nterindustry model, how

ever, the results obtained from each modification were transformed into 

regional estimates of output, employment, and income. The discussion 



141 

of each modification of the ba~ic model conta1ns an 1llustrative example 

of the manner 10 which the data generated by the extension may be used 

to solv~ a specific marketing problem The remainder of tb1s chapter 

describes the general uses of output, employment, and 1ncome data 

generated by the inter1ndustry model without any reference to a partic

ular modificat1on of the basic model. 

Usually the output estunates generated from an interindustry 

model are aggregate figures for all firms in each industry in the model 

There are many uses of these aggregate figures. In periods of nat1onal 

mobilization, these output projections will state the output of any 

region for a given schedule of input Conversely, the inter1ndustry 

model w1ll also determine if a particular region can produce the output 

required by the government. There are also many peace-time uses of the 

output levels generated by the model. In the past they have been used 

by local goverrunents to study the effects of entering industries on 

employment and income levels within the given region. 

The information generated from the model in the form of employ-

ment estLmates is of extreme importance to the city planners An advance 

knowledge of employment levels offe~ some 1nformation as to which 

industries are decreasing in their share of the output, and the quali

flcations of the employees who will soon become unemployed, thereby 

allowing the city to take remedial act1on. For example, a 10 percent 

increase in the final demand for Food products may result in only a 

2 percent increase in employment, whereas a 10 percent 1ncrease in the 

final demand for Lumber products may result Ln an 8 percent increase in 
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employment. During periods of high unemployment this analysis will 

provide the state and local governments with information concerning 

those sectors of the economy they should patronize in order to obtain 

the greatest effect on increasing the aggregate level of employment in 

the community. 

The regional planning board for a city would be interested in 

tbe outcome of the model since it could determine the effects of in-

creased output on employment. With the increases in employment, new 

homes, roads, and schools would be needed near and around the location 

of the plants which are going to offer this additional employment. 

There are many references to the uses of interindustry data by 

local governmental agencies and planning commlssions. 1 However, there 

is nearly a c~plete absence in the literature of the uses of interin-

dustry data for the individual firms in the region. Therefore, the 

current problem is to examine the method in which each firm in the 

region can use interindustry data in its market research activities. 

The individual firm in the region may scale down the aggregate 

estLmates of industry output by the use of scaling factors. One 

scaling factor may be obtained by assuming tbat the given firm's share 

1a. Dorfman, P. A. Samuelson, and R. M. Solow, Linear Pro
gramming and Lconomic Analysis (New York: McGraw-Hill, 1958); H. B. 
Chenery and P. C. Clark, Interindustry Economics (New York: John 
Wiley, 1959); W. Isard, Methods of Regional Analysis: An Introduction 
to Regional Science (New York: John Wiley, 1960); T. c. Koopmsns, 
(ed.), Activity Analysis of Production and Allocation (New York: 
John Wiley, 1951); W. Leontief, Studies in the Structure of the Ameri· 
can Economy (New York: Oxford University Press, 1953); 0. Morgenstern, 
Economic Activity Analysis (New York: John Wiley, 1954). 



of the market is constant. Given the increase in industry output, the 

individual firm could multiply this increase by an index representing 

ita share of the increase in output, Therefore, if a 10 percent change 

in the final demand for the products of the Food industry results in 

a 2 percent change in output, the firms wtthin the industry would be 

able to determine the1r individual change in sales. Having obtained 

its share of tbe increase in out~ut, the firm may take appropriate 

actions in order to insure adequate warehousing and sales facilities. 

A knowledge of this increase in output may affect the recruit· 

ing policies of the firm. For example, highly skilled workers may be 

reluctant to leave their present jobs and must be contacted well in 

advance of the t1me the given fi~ needs their services. Advance in• 

formation generated by the model would be used by the personnel depart

ments to forecast their labor requirements. 

Similar questions could be answered concerning the necessary 

changes in a company's retraining p~ogram in order to move some of the 

existing semi-skilled workers into the skilled positions. The individ· 

ual firm, knowing ~te relative share of the industry's employment, could 

calculate its labor requirements snd guide its retraining programs 

accord1ngly. 

A knowledge of e~ployment data is also helpful to the individual 

firms in the business community. For inatance, increased employment 

will indirectly affect the formulation of marketing programs. Increases 

in employment will lead to an in~rease in income which represents an 

1ncrease in purchasing power for those employees in the various 



industries. These changes in incowe levels give the individual 

merchants additional information on which to base their inventory 

policies, pricing policies, and sales promotion programs. 
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In essence, the interindustry model provides a means for 

evaluatl.ng market potentials, By the use of scaling factors the indi

vidual firm in the region can convert market potentials to sales po· 

tentials. The importance of Lnterindustry models in market analysis 

is amplified when one remembers that sales potentials are made after 

estunating the market potentials for the given region. Hence, the 

interindustry approach to market analysis bas a direct effect on the 

marketing decisions of the individual firm in ,the region, 



CHAPTER 7 

THE LIMITATIONS OF INTERINDUSTRY ANALYSIS 

Input-output analysis provides solut1ons to many economic 

problema similar to those described in the previous chapters. However, 

a thorough examination of the lUnitations of the model should be made 

before rendering any decision based on the results of the model. The 

outcome of such an examination makes the analyst aware of the situa

tions in which the results of the model represent accurate predictions 

of e~onomic phenomena. Similarly Lt serves as a stern reminder of the 

disastrous effects which may result from an incorrect application of 

1nterindustry analysis. 

The limLtations of the analysis are a result of the assumptions 

made in the baslc formulation of the model. These assumptions may 

lead to an unrealisttc description of economLc phenomena, if so, the 

model is only an approximate description of reality. The fact that 

the model is an approximation Lmplies that there is an error in the 

results of the model, i.e., a difference exists between the results of 

the model and observable data in the economy. The object4ve of the 

current d1scussion is not to deny the presence of such an error, but to 

determine if it is significant. 

To determine whether the errors are significant is by no means 

an objective undertaking. Presently, interindustry analysis does not 

make use of recent advances in mathematical statistics such as hypothesa 

145 
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testing and decision-making. Furthermore none of the data are reported 

with their accompanying measure of re lisbil i.ty, such as their 3tandard devi

ation. Such an obvious omLssion of this pertinent information is 

intentional. The most advanced statistical techniques cannot improve 

the basic theory underlying input-output analysis. Presently,many of 

the basic concepts of interindustry analysis are in the process of 

being modified Ln order to increase the scope and accuracy of the model. 

After the basic principles are formulated and agreed upon, advanced 

statistical techniques can then be uaed for a further refinement of 

the model. However, interindustry analysis is in its formative stage 

and therefore is not subJected to these advanced techniques. After the 

basic analytical structure of the model is formulated, the methods of 

statistical inference unquestionably lead to further tmprovements in 

the model. However, there are no great advantages in using advanced 

statlatical techniques for testing hypotheses in an inaccurate or in

consistent model. Therefore, the empirical verifications of the model 

are made by comparing predictions with observed data. 

7,1 A General Statement of the Assumptions 

Chapter 2 contains a detailed statement of the assumptions made 

in the construction of the Leontief model. For the purpose of the 

present analysis, these assumptions may be stated in summary as 

l. One, and only one, technological process exists 

for the ptoduction of the homogen~ output of 

each industry. 



2. The inputs to each industry are a function of only 

one independent variable, the output of that 1ndustry 

Tbe sssumpt1ona underlying the construction of the model lead 

to three classes of errors; namely, the model error, statistical error, 

and computational error. The characteristics of each type of error 

are discussed in detail. tbe present analysis terminates with a 

review of the major studies in which the assumptions are subjected to 

empirical verification. 

7.2 Model Error 

Mvdel error 1s the deviation of the results generated by the 

model from reality. Hodel error is inherent in every model since by 

definition a model only approx~ates reality. As the accuracy of 

the model increases, the model error decreases. The model error in 

the Leontief system may be traced to two spec1fic causes; namely, 

fixed production coefficients and homogeneous industry output. 

The other general categories of error; namely, computational 

error and statistical error. can be minimi~ed to some extent by inde

pendent researeh in related disciplines. However, neither the most 

accurate eomputer nor the most aceurate interindustry data can alone 

min~ize the magnitude of tbe model erro¥. Model error ean be deereased 

only by an exhaustive examination and modification of the most basic 

theoretical concepts used in the construction of the model. 

The Constancy of Activity Coefficients 

Of all the assumptions made in the construction of the Leontief 
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model, the assumption of constant activity coefficients LS the most 

controversial. It is the subject of many empirical tests using a 

variety of statistical techniques. Since the details of linear homoge

neous production functions are diacussed in Chapter 2, they are not 

repeated in this chapter. Although the production functions used 

in the model are represented by lLnear homogeneous functions, they 

need not be. Activity analysis, which involves the study-of production 

processes (activities) instead of commodities, is a more general model 

of which the Leontief model is a special case. Activi~y analysis will 

handle nonlinear production functions. Actually the Leontief model 

could easily be modified in order to use linear nonhomogeneous 

functions. A further extension would be to deal with nonlinear 

functions. 

Leontief recogni~ed the restrictions of this assumption and 

agreed that the use of nonhomogeneous production functions might pro

vide a better description of reality. However, little work has been 

done in the determination of production functions by industry type. 

Since there was no reason for selecting any other type of production 

function, Leon tie f used the most basic linear homogeneous func ti en 

The point to be emphasi~ed is that although a bas1c assumption of the 

model is that the input to each sector is a function of its output, 

this by no means implies that the relationship of input to output must 

be represented by a Linear homogeneous function. 

Whether the production function is homogeneous, nonhomogeneous, 

linear or nonlinear, is not the prtmary issue of the production function 
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controversy. Most economists will agree on the importance of an expost 

calculation of the production coeff~cients for each industry. A con· 

sideration of the historical changes of these coefficients leads co 

important economic insights regarding the functloning of the economy, 

However, Lfontief states that the activity coefficients are structural 

coefficients, i.e., they are fixed parameters which describe the 

economy at various intervals. In essence he states that they are in· 

var~anc. Leontief does not mean to imply that the coefficients never 

change, but he does believe that the variation is not large enough to 

destroy the empirical validity of the model. 

Calculation of the Activity Coefficients 

The method by which the actlvlty coefficients are calculated 

influences their accuracy through time. The most basic method of 

calculating the coefficients is descrLbed in Chapter 3. This method 

collects and summarizes all the relevant interindustry flows for the 

base-year and assumes that these ratios are valid for output predictions 

in future years. Experience shows that for certain sectors of the 

economy this assumption is valid, while for other sectors it is com

pletely erroneous. Presently, research is being performed in order to 

refine the techniques involved in the calculation of the activity 

coefficients. 

Direct Input Esttmates.--One refinement centers around a his

torical study of the activity coefficient~ for different base-years. 

Such an analysis will give an insight into which coeff~ckents vary 



considerably with time. Therefore, a distinction can be made between 

those coefficients which change radically with t~e and those which 

remain relatively constant. Once th~s d~stinction ~s made, supplemen• 

tary data sources may be used to obtain the input for those sectors 

whose activ~ty coeffic~ents change with time. The advantage in this 

approach is that the table can be kept up to date by reconstructing 

only a few sectors of the table instead of all sectors Ln the model. 

Unfortunately, there are several disadvantages in this refine· 

ment. F~rst, there ~s t~ problem of obtaining suff~cient historical 

information in order to determ~ne which activ~ty coefficients change 

with tUne. Even if the tables are available for several years, there 

is no guarantee that those sectors whose activity coefficients show 

considerable change will cont~nue to change Similarly, those sectors 

whose activity coefficients remain relatively constant may begin to 

change. Tbeseoccurrences are possible since no coefficient is entirely 

independent of the other coefficients in the model. 

Second, direct input est~ates represent a handicap to interin

dustry analysis if it is to be used for a predictive device. In order 

to derive the coefficients for those sectors whose activity coefficients 

show considerable change,projections of the lnputs to each of these 

sectors must be made. Such input estimates will probably be related to 

pertinent economic variables. However, the projection lS an approxUna• 

tion. If the projection is 1naccurate, the activity coeffic~ents derived 

from th1s approximation will be inaccurate. 
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Successive Linear Approximations.-- Using this method, the 

activity coefficients are represented by a curvilinear relationship. 

The production function is no longer represented by a straight line 

through the origin. Theoretically, it is represented by a curved line, 

but is approx1mated by a series of straight lines. Therefore, the 

activity coefficients are constant over different intervals of output. 

For example, between output of zero and x
1

, the activity coefficient 

is a 1 , between x1 and x2, the activity coefficient 1s a2 , etc. 

From a theoretical standpoint, a curvilinear relationship is 

ideal. However, there ia one great disadvantage in thia approach, 

namely, the empirical derivation of the production function. In order 

to obtain the data necessary for the construction of this curvilinear 

relationship, the production process of each industry in the model must 

be studied in detail. Witb the present state of data collection pro• 

cedures, the formulation of a curvilinear production function is some

what ~practical. 

Two-Point Estimates: Nonhomogeneous Production Functions.-- The 

activity coefficients for the conventional Leontief model are usually 

obtained from a single set of observations, i.e., the transactions 

table is obtained for the base year from which the coefficients are 

calculated. Therefore the conventional activity coefficient represents 

a one-point estimate. As previously stated. one of the basic assumptions 

made in the construction of Leontief models is that the present one

point est~ates of the activity coefficients are invar1ant. 
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Thta concept of invariance can be modified so as to state that 

the changes in the activity coefficients are constant There fore, the 

assumption that the one-point estimate ta invariant ia replaced by the 

assumption that the two-point estimate is constant. The conventional 

Leontief model is defined by the following equations: 

(7.2-2) x1J "' aijxj 

(7 .2-3) L a 1jxj = xi 

j 

(i,j, = 1,2 ••• n) 

Equations (7.2·1), (7.2-2), and (7.2-3) lead to one-point estimates; 

they are replaced by the following. 

(7 .2-4) L 1 
- xoij) xl - xo (x ij = i i 

j 

(7 .2-5) 1 - xo 1 xo ) X = a (X -
ij lJ i.j j j 

(7 .2-6) ~ aij(xlj - xo ) l 0 

L j "' X i - X i 

The production function for the nonhomogeneous case is 

(7.2-7) 

Equation (7.2-7) shows that although the production function 

is linear, it ia not represented by a straight line through the origin. 

Comparing equation (7.2-2) with equation (7.2-7) it is evident that the 

nonhomogeneous case has an additional parameter Cij in addition to the 



a .. found in equation (7.2·1). Therefore, equation (7.2~7) must be 
l.J 

1S3 

solved from the data obtained from two input-output matrices. Starting 

with this syste~ of equations, Professor A. Ghosh of the University 

of Cambridge has shown the following: 1 

1. For any production function represented by 

where: Yr is an observed point in the input•output space, Xr is any 

random point in the output ordinate, and er is N(O,o2), then the bias 

in the variance by ti:E origina 1 Leon tie f function is 

2. if future outputs are projected for a period in which they 

are likely to differ from the ear Her by approximately 70 percent, then 

the two-point estimates will generally lead to more accurate estimates 

of the activity coefficients. 

The Problem of Aggregation 

Another source of model error is due to the fact that all of 

the industries in the model are not identical single-product firms which 

is a direct violation of one of the basic assumptions. Aggregation in 

interindustry models is inevitable. The problem is not to decide 

between aggr<'gation and non-aggregation but to decide upon the degree 

of aggregation. 

1A. Ghosh, "A Note on the Leontief Model with Non-Homogeneous 
Production Functions." Metroeconomica, XII (1950), 14-21. 
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Table 5.2-13 illustrates the aggregation problem. Before the 

industries were aggregated there were ten industries in the endogenous 

sector of the model, after the industries were aggregated there are only 

five industries in the endogenous sector of the model. Tbe problem of 

aggregation ia one of the most common problems encountered by the 

interindustry economist. It is impossible to construct a transaction 

matrix without aggregating industries. To date, the largest matrix 

constructed is a 500 x 500 table. Even this enormous table conta1ns a 

great deal of aggregation since there is a multitude of products pra

duced in the economy. 

The problem of aggregation is of extreme importance since it 

1nfluencea the activity coefficients which 1n turn generate the inter

dependence coeff1c1ents. Changes in the interdependence coefficients 

lead to direct changes in the output projections based on a given 

f1nal demand. Tbe problem of aggregation is also complicated by the 

fact that on~ method of aggregation may be suited for aggregating 

industry 1 with industry J but may not be applicable co the aggregation 

of industry m with 1ndustry n. 

The problem of aggregation is not entirely divorced from the 

previous problem of invariant activity coefficients, for this reason 

the aggregation problem is discussed in greater detail. For some indus

tries the actLvlty coeffic1ents for a given product in process may 

remain constant but the activity coefficients in the transactions 

matrLx may show a large change. This dichotomy is explained by a con

SLderation of the product m1x of the industry. W1th the passage of 



time, a firm may increase its product line which increases the hetero

geneity in its output figures. 

Many of the aggregation problems in interindustry analysis are 

the result of a d1fference between definit1ons used in input-output 

models and those used in an industrial cenaus. For example, secondary 

products are subtracted from each industry which manufacture• one pri

mary product and several secondary products, and then added to the in

dustry for which the output is primary. Conceptually this is an easy 

undertaking; however, in practice it is a difficult task to perform 

The difficulties center around the fact that the establishment is the 

basic unit of statlstical data collection. Therefore, t~ census 

figures show an aggregate output for each industry without any regard 

to product, 

the aggregation problem is not discussed in connection with 

the theoretical models of general equilibrium such as the Walrasian 

model. Conceptually,there is no difficulty in analyzing the simultan• 

eous effects of a large number of variables. However, in an empirical 

application of the model, the millions of interindustry transactions 

must be reduced to a reasonable number 

The aggregation of data is inevitable if the theoretical model 

is to be made operational, general principles of aggregation are devised 

in order to solve this problem. The method of aggregation u&ed will 

depend on the obJectives of the study. Presently, there is no unified 

theory of aggregation. Several studies have been made in which an n by 

n matrix has been reduced to an m by m matrix. Predictions based on 
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the m by m matrix were then compared with the predictions based on the 

n by n matrix. These comparisons have lead to some general principles 

of aggregation. Although advanced mathematics has been used in formu· 

lating many of the principles, the basic criteria from which the prin

ciples are derived are frequently subjective. 

When speaking of the limitations on the interindustry model, 

the major source of model error is usually attributed to the assumption 

of fixed activity coefficients. Unfortunately, tbia belief baa limited 

the basic research done on the aggregation problem, It is the belief 

of the author that the aggregation problem at minimum, contributes a 

source of error comparable to the one introduced by the fixed activity 

coefficient assumption. Furthermore. the problem is of greater signifi· 

cance in the long•run. 

In the short-run, even with technological change, the activity 

coefficients show signa of relative stability. Also, as the technical 

information on production functions of key industries becomes more 

abundant, the ~hange in a~tivity coeffi~ients will be predicted with 

greater accuracy. Furthermore, statistical techniques may be used to 

estimate the direct inputs in order to calculate the activity coeffi

cients for the major industries. Conditions such as these reduce the 

limitations on the model due to the fixed coefficient assumption. 

The aggregation problem is of extreme ~portance in both the 

short• and the long-run and is one of the basic problems of interin

dustry model construction. The construction of a transa~tions matrix. 



is always related to the problem of aggregation. An n by n transactions 

matr:br representa the a~gregar.Ion of the tram1ac ti.ons of a countlt?ss 

number of industries. lbe current problem is to establish some general 

principles fQr aggregating the industries in the model. 

~orne General Principles of Ag~rreg,ation 

A survay of the literature reveals that the problem of aggrega-

tion is not oniy unsolved, but is receiving little attention in an 

attempt to obtain a solution. The:re are a few articles written em 

some highly specialized topics of aggregation theory. However, there 

are ver;y few principles of aggregation theory. Several authore, 

B.alderston, 2 Whitin, and TheU 3 , are working towards a general thc:ory 

of aggregation. Unfortunately, the majority of their constraints are 

defined by equations and must be translated into a verbal statement In 

order that the practitioner of interindustry analysis may use their 

results. This section provides a summary of their work in the form of 

Verbal statements. Incorporated in this discussion ia a statement of 

1everal principles which are given in mathematical form in several 

recent articLes on aggregation theory. 

should have almost perfectly homogeneous output. .Practically, it is 

nearly impossible to obtain a perfectLy hoilmgeneou!i output fur each 

·-··----·-·---·------

2o. Morgenstern, Econ~ Activ.ftx A~alyah (New York: John 
Wiley, 19 54) . p . 79 . 

3u. Theil., "Lirwar Aggregation i.n Input-Output Ana lysis," 
EcotlOJll€ tric a, XXV { l..9 57), t U ~ !.22. 
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industry WLthin the model. There 1s a defLnitional problem 10 deter

mLnLng the exact meaning of homogeneous output one of the criter1a 

to be followed is that of substitutab1lity. If the industry products 

are close subst1tutes, as viewed by the user, the outputs of each indus

try may be classified as homogeneous outputs. These de£1n~t1onal 

problems illustrate the subject1ve nature of the present aggregation 

theory. 

Closely related to the idea of homogeneous outputs is the 

concept of the slm~larity of inputs Industr~es may be aggregated 

with this critenon as the basic frame of reference. Unfortunately, 

there is often a conflict between the two criteria of homogeneous out

put and s1milar1ty of inputs. In the event of such a dLlemma the final 

decision is subJective and depends on the objectives of the study. 

However, in the opinion of the author, it is generally preferable to 

aggregate lndustr1es using the criter1on of homogeneous output rather 

than that of similarity of 1nputs. 

Perfect Proportion in the Product Mix.-- Closely related to the 

concept of homogeneous output is the proportion of different products 

in the industry output. Since the aggregation .procedure comb1nes the 

output of several industries into on~ industry, the output is not 

perfectly homogeneous even though the products may be close substitutes 

for each other. However, this difficulty is minimized if the relative 

positions of each product remain constant in the aggregate figure or 

change by a fixed pattern. 
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For example, consider the chemical 1ndustry in a reg10nal anal

ysLs. The aggregated industry output may include the output of synthetic 

fiber firms in addition to the output of bas1c chemicals. Therefore, 

any output predictions generated from the model will have to be broken 

down by some known scaling factor in order to determine the output of 

the synthetic fiber industry. Although the assumptton of a fixed pro

portion of total output leads to the sfmplest form of empirical analysis, 

other projections may be made in order to determine tbe new proportions 

in the product mix. 

Exclusive Use.-· If the output of one industry is used exclu

sively as input to another industry, the two industries can be combined 

without introducing any serious empiri~al errors in the model. ThLs 

principle of exclusive use is a valuable tool in making decisions re• 

garding the vertical or horizontal aggregation of industries. Horizon• 

tal aggregation involves the combination of industries whose products 

are in the same stage of manufacturing whereas vertical aggregation 

involves a combination of all the successive stages of the manufactur· 

ing process. 

For example, gasoline sad other petroleum derivatives are all 

obtained from tbe same input but represent outputs from different 

stages of the cracking process. Should each of the different outputs be 

combined by horizontal aggregation thereby creating many industries 

or should they all be combined with another industry in the complex? 

The principle of exclusive use states that vertical aggregation is 
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permitted if the major part of the petroleum output goes to another 

induatry in the complex. Such occurrences are common in local regional 

studies. 

Similarity of Production Functions.·- One of the disadvantages 

in the aggregation of interindustry data La that the activity coeffi· 

cients, which are an integral part of the production function, way show 

a large change when compared with the coefficients based on the data 

before they are aggregated. One method available for the solution of 

this problem involves the aggregation of industries according to the 
4 

similarity of their production functions. 

The acceptance or rejection of these criteria is mainly subjec-

tive due to the absence of detailed empirical information on the nature 

of production functions. However, there is one serious criticism to 

this method of aggregation. A fundamental omission is that a great 

many technological changes are not merely changes in the production 

function, but in the product. It could probably De demonstrated that 

most technological changes are accompanied by some sort of change in 

product. The aggregation of industries by the nature of their produc-

tion coefficients is closely related to the concept of horizontal 

aggregation. Hori~ontal aggregation, which involves the aggregation 

of products at the same stage of the manufacturing process, is related 

to aggregation by the nature of the production functions since products 

at the same stage of manufacturing process are likely to have similar 

production functions. 

4o. Morgenstern, Economic Activity Analysis (New York: John 
Wiley, 1954), p. 96. 
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Complementarity.-~ Complementarity pertains to the demand for 

the final products of each industry to be aggregated. If the demand 

for the products of two or more industries increases or decreases to-

gether, then the products are said to be complementary. If thia con-

dition exists the industries may be aggregated. One of the ~mpirical 

disadvantages of this approach is the necessity for obtaining enough 

data to determine whether or not the products are complementary. 

Minimal Distance Criterion.-- Professor Walter D. Fisher of 

Kansas State College has utilized some of the basic concepts of the 

analysis of variance in order to derive a criterion for aggregating 

industries. Overly optimistic, he states that 

small industries in input-output tables can be aggregated 
into large industries on the basis of sUnilarity of co
efficients, stability of the inverse, homogeneity of 
industries, similarity of production functions, and simi
larity of the cost structure. The minimum distance idea 
seems to encompass all of these suggestions.5 

Let c .. 

Where biJ is the weighted mean 

2:"Y 
j E J J 

DfJ is the element of the aggregate Leontief inverse matrix 

~- ~ -1 (aiJ that corresponds in position with aiJ• 

biJ I: bij \ 
i E I 

5w. D. Fisher, "Criteria for Aggregation in Input-Output Analysis, 
The Review of Economics and Statistics, XL (1950), 250-260. 



where bij is the eLement of the Leontief inverse 

matrix ~- (a 1jQ •l 
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corresponding to aij• ij is the final demand for industry j in the base 

year, and nand m represent the number of industries before and after 

aggre ga t1on. 

Physically, C can be regarded as the deviations around a line. 

Therefore minimizing C may be interpreted as minimizing a distance, 

hence leading to the name minUnal distance criterion. 

There is one serious disadvantage in this approach. The deri· 

vation of the minimal distance criterion assumed that covjk ~ o for 

all j and k. Such an assumption presents no mathematical difficulties; 

however, the economic interpretations of this assumption are quite 

restrictive. If the co-variance is zero, it is impossible to consider 

the possibility of complementarity between the final demands of each 

industry to be aggregated. 

The Acceptability of Aggregation 

There are many standards which can be used to determine if a 

given method of aggregation is acceptable. One of the most promising 

is the one suggested by Professor M. Hatanaka. He states. "One may 

consider that a consolidation is acceptable if the conaolidated final 

demand corresponds to the consolidated net outputs for the final demand."6 

This statement can be translated into a mathematical identity. 

6M. Hatanaka, Testing the Workability of Input-Output Analysis, 
Economic Research Report (Princeton, N.J.: Princeton University, 1957). 
p. 301. 
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Let Y and X represent the ftnal demand and the net outputs of 

then sectors before aggregation with activity coefficients aij' Let 

R and S represent the final demand and the net outpute of m sectors 

after aggregation wtth acttvtty coeffictents bij• 

Therefore 

Where 

(I·A)X = Y 

(1-B)S = R 

In the proposed method of aggregation let the first t(l) sectors be 

aggregated into the 1st group, the second t(2) sectors be aggregated 

into the 2nd group and the last t(m) sectors be aggregated into the 

mth group 7 Therefore, this method of aggregat~on is deftned by the 

following matrix· 

e(l) 0 0 0 

0 e {2) 0 0 
T: 

0 0 0 e (m) 

where e(i) = (1,1, .1), (1 = 1, 2, ... m) 

Hence 

R"' TY 

S = TX 

7K, Ara, "The Aggregation Problem in Input-Output Analysis," 
Econometrtca, XXVII (1959), 257-262. 
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Therefore 

(I-B)S (1-B)TX R = TY = T(l-A)X 

(I-B)TX = T(I-A)X 

It follows that 

BT = TA 

Thus far the analysis is merely a r1gorous statement of a cri-

terion for the acceptability of aggregation However, there are no 

operational constra1nts on the original matrix A. Ara proved8 that 

it is necessary and suff1cient for the aggregation of sectors to be 

acceptable 1f the total sums of each columns elements in respective 

submatrices Aij be equal, where Aij 1s the submatrix of t(i) rows and 

t(j) columns in A. 

7.3 Statistical Error 

Statistical error, as was model error, can be traced back to 

the basic assumptions made in the formulation of the model. Statistical 

error usually results from inaccurate observations of economic phenomena. 

Frequently these 1naccuracies are a result of approximating nonex1stent 

data. Professor John M. Ryan of the Univers1ty of North Carolina 

states that 

the basic data on inputs and outputs by industries are 
frequently faulty and often nonexistent. As a result 
the productivity coefficients computed from these data 
are in reality only estimates of the actual coefficients 
It is impossible to obtain with any accuracy the distrL
bution of the estimates about the actual values. There 

8 Ibid., p 260. 



is certainly no reason to assume that the distribution 
is normal. Without knowing the distributions it is tm
possible to assign bounds to errors arising from the 
use of these estimates. Thus, it is clear that using 
avallable data to estimate the productlvity coefficients 
introduced a 'statistical error' of unknown magnitude.9 
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In this discussion, stAtistical error reaults from the following prob-

lema: operational definitions, measurement, and statistical imputation. 

Operational Definitions 

The greatest definitional problem in interindustry analysis 

involves the definition of an industry. In general, industries in the 

manufacturing sector of the model are defined as a group of semi• 

homogeneous establishments. However, this definition leads to several 

problems. Many establishments are actually corporations which are in-

volved in many different manufacturing activities. If each of the 

different manufacturing divisions were under separate ownership, then 

each of these different divisions might be classified as an industry 

and not combined into one corporation, 

An examination of the definition of the word industry for the 

non-manufacturing sectors of the model, such as the agriculture and 

service sectors, leads to additional definitional problema. The output 

of the agriculture sector is not collected on an industry basis but on 

a commodity basis. The output of the service industry is defined in 

terms of the distributive or service functions it performs •. The 

definitional problems are significant because of the way they affect 

the measurement of gross output in each of the industries. 

9J. M. Ryan, "The Leontief System," Southern Economic Journal 
( 19 53) , p • 4 9 1. 
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The following example illustrates the problems arising from the 

definition of induatry.lO Lee there be two industries producing both 

a primary product and a secondary product. The primary products of 

industry 1 and industry 2 are x1 and W2• The secondary products of 

each industry are W1 and X2, respectively. 

Therefore, if the outputs for the input-output table are calcu-

lated on an industry basis, the output of industries l and 2 would be 

given by x1 + w1 and X2 + w2. respectively. 

If the product definition of industry were used. the output of 

industry 1 would be xl + x2 and the output of industry 2 would be wl + w2. 

There are disadvantages in both of the above definitions. If 

the first definition were used, the output requirements generated by the 

model would apply only to tbe primary product with complete neglect of 

the secondary product. The difficulty encountered in using a product 

definition of an industry is that it removes all relationships between 

establlsttment Loentlty ano Lts corresponotng prooucts wn1cn are essen· 

tial in mobilization analysis. 

The definition of industry used for the 1947 table was a compro• 

mise of the industry and product definitions. The output of industry 1 

is defined as x1 + W1 + X2; the output of industry 2 is defined as X2 + 

W2 + Wl. Consider the output of industry l, x1 + w1 + X2. Since the 

outputs are associative. it may be written as X1 + X2 + W1. therefore, 

the output of industry l is equal to the sum of Lts primary output (Xl)• 

l~ational Bureau of Economic Research, Input-Output Analysis: 
An Appraisal, Conference on Research and Wealth (Princeton, N.J.: 
Princeton University Press, 1955) p. 236. 



the secondary output of industry 2 (X
2
), and the secondary output of 

induaty 1 (W1). Stm1larly, the output of industry 2 is the sum of its 

primary output (W2)• the secondary output of industry 1 (W1), and the 

secondary output of industry 2 (X2). 

Measurement 

Measurement or the observation of economic data is another 

source of statlstical error. The question to be answered is how accu

rate are the entries in the interindustry table. If the agricultural 

industry sells X dollars of its output to the chemical industry, how 

accurate Ls th~s figure' The accuracy of these interindustry flows is 

of extreme tmportsnce for several reasons. 

First, the transactions table is the most basic element in the 

interindustry model. Prom these flows, the activity coefficients are 

calculated which then form the basis for the calculation of the inter

dependence coefficients. Once the ~nterdependence coeffic1ents are 

known, the model can be used for economic forecasting. 

Second, the transactions table is the basis of structural 

analyaeswhich involve a study of the properties of the economic model 

without any reference to its use in maktng predlctions. The transac• 

tions table, as such, contains no hypotheses concerning the activities 

in any complex, it is merely an accounting device used for the classi

fication of interindustry data. Each activtty coefficient whLch LS 

obtained from the transactlonstable represents a structural parameter 

which describes the nature of the inter1ndustry transactions in an 

economy. 



The above discussion emphasizes the advantages in obtaining 

accurate interindustry data even though the model may not be used for 

predictive purposes. The remainder of this section contains a discus• 

sion of the major sources of measurement error, The topics discussed 

are those sources of measurement error which are found most frequently 

in interindustry analysis. For a more general analysis eonault 

Morgenstern's, On the Accuracy of Economic Observations. 11 

Lack of Experimental Design.-- The data used in many economic 

studies are not obtained from a planned experiment. Usually the data 

are collected by some agency which has no specific experiment or objec-

tive to be accomplished. At a later date these statistics may form 

the bases for an economic study. However, since they are accumulated, 

sorted, and classified without any particular purpose in order to be 

applicable to many economic studies, they may not be exactly suited for 

many specific studies. Unfortunately, the social scientist is not in 

the enviable position of his colleague, the physical scientist, since 

the social scientist cannot obtain socio-economic data under the con-

trolled conditions of a laboratory. Therefore, the social scientist 

cannot always design his experiment in order to obtain the most relevant 

information for his atudy. He 1a forced to use existing data which may 

not be exactly suited to his needs. The use of such data introduces 

statistical error which may be attributed to the lack of designed 

experiments. 

llo. Morgenstern, On the Accuracy of Economic Observations 
(Princeton, N.J.: Princeton Unlversity Press, 1950). 
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Another problem which is related to the lack of experimental 

design 18 the different educational backgrounds of the people engaged 

in the compilat1on of the statistics. This is of particular interest 

1n the use of questionnaires. Many observers are chosen on an ~ hoc 

basis and given only a lLmited amount of training. Each person will 

have d1fferent interpretations of many of the terms 1.n the questionnaire. 

The end result will be an 1nconsistency in the data. 

Faulty Design of Questionnaires.-- The questionnaire is one of 

the primary tools used in the acquirtng of interindustry data. In 

particular, it is used to a very large extent in regional studies. 

The statistical theory underlying the design of questionnaires is 

meager. However, there are several ohv1ous characteristics which should 

be common to all questionnaires. 

First, each term in the questionnaire should have a precise 

meaning in order to lead to unique, unambiguous answers. 

Second, each respondent should be informed of the purpose of the 

study. 

Third, each questionnaire should 1nclude a complete list of 

instructions. 

In many interindustry studies, it is impossible to contact all 

the sources of relevant data; therefore,a sample is drawn. Sampling 

theory is developed to a higher degree than is the present theory re

garding the design of questionnaires. However, even though the statis

tician has provided the social scientist with some basic rules for the 
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design of sampling plans. the social scientist bas not used them to 

their fullest extent. The importance of an accurate sampling plan can 

not be over-emphasized in interindustry analysis. An important problem 

in interindustry studies is the estimation of the gross output for 

each sector in the model. The most accurate and best designed ques• 

tionnaire gives rise to erroneous gross output figures (statistical 

error) if the sampling plan ia inaccurate. 

The Non-ReproducibilLty of Economic Data.-- Once observed, 

economic data are unique since they cannot be reproduced. This non

reproducibility of economic data would not contribute to any known 

source of statistical error in interindustry analysis if each observer 

arrives at the same value for every economic observation. Unfortunately, 

many observers obtain different values for the same economic observatton. 

On occasion, the differences can be reconciled depending on the time 

interval between the initial observation and Lts publication. However, 

the reconcillation will not necessarily be correct since it is impossi• 

ble to duplicate all the conditions which were in eAistence at the time 

of the original observation. These reconciliations usually resul~ in 

a compromise between the various observations; such reconciliations 

are another source of statistical error in the collection of interin· 

dustry data. 

These differences in the observation of economic data and their 

corresponding reconciliations are inevitable; however, econometrics is 

in need of more refined methods for the acceptance of the reconcilia

tions. Morgenstern states that 



It would be excellent 1f econom1sts, at an early time 
in their training and careers, would become acquainted 
with work showing them the extreme trouble to which 
physicists must go in order to be able to accept data. 
Sim1lar quantitative work ought, of course, be done in 
economics. When comparable standards have become the 
rule in econom1c research, economics will be placed on 
surer ground, while at the same time ita extraordinary 
dif£1culties will be better apprec1ated,12 

Another factor contributing to the non-reproducibility of 
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economic data is the freedom of private enterprise not to offer full 

disclosure of the relevant data requested 1n a questionnaire. Some 

firms may fail to give accurate responses for a variety of reasons 

some of which are tax evasion, distrust of the agency requesting the 

information, and failure to recognize the need for the study thereby 

furnishing inaccurate data. 

StatisticaL Lmputation 

Statistical imputation or the estimation of non-accessible 

interindustry data 1s another source of statistical error in 1nterin-

dustry models. The need for statistical Unputation arises from the 

1nadequacy of the data descr1bing interindustry transact1ons. However, 

even with signlficant advances 1n the data collection pr~edures,the 

problem will always ex1st if a high degree of statistical refinement 

l& required in the model. 

TraditionaLly, statistical imputation has been accomplished by 

historical relationships and secondary data sources. Historical rela-

tionships, which often become rules of thumb, lead to error in the data 

since they are not usually constant through time. However, these 

12~., P• 20 



172 

historical relationships may lead to accurate estimates in a regional 

analysis if those persons using them are very familiar with the given 

complex. 

Secondary data sources, similar to those used in Chapter 3, 

provide another method of statistical imputation and lead to another 

source of statistical error. Secondary data sources involve the use of 

supplementary relationships, i.e., economic relationships which are not 

contained in the model. Chapter 3 contains an analysis of the way in 

which secondary data sources lead to statistical error. 

There is one special aspect of statistical imputation which 

deserves praticular attention, i.e., the possible error in the inverse 

resulting from zeros in the off-diagonal entries. In th~s case, the 

interindustry flows between some sectors may be so small that they 

are neglected, i.e., set equal to zero and not subjected to the tech

nLques of statistical imputation. This operat1on has a significant 

effect on the no1se in the inverse, i.e., the ro~nding errors which 

are involved in large scale computations. As the number of zeros 1n 

the off-diagonal elements of the matrix increase, the noise is reduced 

and hence the matrix will show a higher degree of stabil1ty. However, 

if these zeros are supposed to be small numbers, the noise of the in

version will increase and its stabil~ty w1ll decrease. An improvement 

in the methods of statistical computation will provide a partial solu

tion of this problem. 



7.4 Computational Error 

In interindustry analysis, computational error results from the 

numerical solution of large equation systems. It is practically impos-

sible to eliminate computational error although it is possible to reduce 

it by further mathematical investigations into the nature and charac-

teristics of the Leontief matrix. Even if computational error is 

reduced, there should be quantitative estimates of these errors. The 

estimates of these computational errors are of extreme importance since 

they affect the predicted levels of output for any given final demand. 

Walras and Pareto were not concerned with computational errors. 

They merely counted the number of equations in a model and compared 

this number with the number of variables; if both quantities were equal, 

they assumed that a numerical solution was possible. As shown in the 

previous chapters, an identity in the number of unknowns and equations 

in a model is neither a necessary nor sufficient condition for its 

solvability. Therefore, present dsy economists must not only formu-

late their model in terma of equations, but in order for their system 

to be economically meaningful, they must show that a solution exists. 

Tbe number of two-factor multiplications involved in obtaining 

the inverse of a matrix with n rows and columns is approximately n3 , 

thus for a 38 by 38 inverse about 50,000 multiplications are required; 

lJ for a 190 by 190, about 7,000,000 and for a 450 by 450 about 90,000,000. · 

With such a large number of calculations, small errors, such as rounding, 

may accumulate until the error in the final result is very large. 

llNational Bureau of Economic Research, Input-Output Analysis: 
An Appraisal, Conference on Research and Wealth (Princeton, N.J.: 
Princeton University Press, 1955), P• 145. 
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Very small numerical errors in the data often result in large 

errors even in the simple case of two simultaneous equations. Morgen

stern offers the following example taken from Mllne:l4 

The equa tiona 

X - l.00001y = 0 

have the solution 

X .. l:JO,OOl y = 100,000 

while the equations 

x - .99999y = 0 have the solution 

X D • 99,999 Y a•l0Q,Q00 

The coeffleients in the two sets of equations differ by at 

most two units in the fifth decimal place, yet the solutions differ 

by 200000. 

The prev1ous examples illustrate the importance of computa• 

tlonal error. If econometric models are to be made operational, the 

errors due to computation must be estimated. No longer can be econG-

mist merely formulate a model and state that ita solution has great 

economic significance unless be states the conditions for its solva-

bility. Pareto stated that if his theory were applied to 100 persons 

exchanging 700 commodities among each other, one would obtain 70,699 

equatlons.l5 H~dels of this type are of interest from a methodological 

l4o. Morgenstern, Economic Activity Analysis (New York. 
John Wiley, 19S4), P• 490. 

15!2!,2.. t p. 490. 
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standpoint but if the discipline(marketing) is to make any predictions 

it must resort to empirical analys1s. At the time of its conception, 

Pareto's model could not be solved due to ita high order; today, even 

with the use of electronic computers, the model still cannot be solved 

The remainder of this section contains a description of the 

d1fferent types of computational error introduced into an interindus

try analysis due to the solving of high order equation systems. The 

discussion is not entirely exhaustive in that it does not contain a 

description of all the types of computational error, however, it does 

consider the major components of computational error. 

Noise is the operational interference introduced into interin· 

dustry calculations by the presence of an enormous number of operations. 

One of tbe greatest contributions to noise results from the rounding 

process. Many electronic computers can carry only eight sign1ficant 

digits, therefore all others are dropped and the e1ghth digit 1a 

changed accordingly. If the inverse of a 38 by 38 matrix requires 

50,000 multiplications, con5iderable error may be introduced due to 

the accumulation of these rounding errors. 

If these rounding errors become critical, the model will gener· 

ate nonsensical results even though all the input data are quite accu

rate and the model is represented by a solvable system of equations. 

Unfortunately, tbose engaged in the formulation of abstract economic 

models feel that problems of this nature are of minor importance. The 
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relationship between noise, solvability, and accurate input data, LS a 

maJor problem confronting 1nterindustry theorists. 

Rounding errors are introduced by subtracting two numbers 

'JhLch have a large number of significant f1gures. The result may be 

a number with only a few significant digits as compared to the two 

original numbers. In these cases, rounding has a large effect on the 

final number. One possible solut1on to this problem is to use the 

Gauss-Seidel iteration for solving for the outputs of each industry.16 

The iterative process 1s as follows. Let Xi (m) denote the mth estimate 

of the value of X for the 1th sector. Therefore 

Obviously the use of such iterative procedures restr1cts the 

magnitude of the rounding errors since thereareno subtractions in-

volved. 

Noise is not limited to round1ng errors. It is true that 

rounding errors are the greatest contributors to noise in digital 

computer calculations, however, it ls also present ln the use of 

analogue computers. Analogue computers attempt to s~m~late a mathe-

mat1cal constraint by the use of some correspond~ng physical analogy. 

Since there is always an imperfect1on introduced by the embodiment of 

some mathematical pr1nc1ple into a physical situation, analogue compu-

ters generate noise. 

16T. Barna (ed.), The Structural Interdependence of the 
Econosr, Proceedings of an International Conference on Input-Output 
Analysis. (New York ~ohn Wiley, 1954), p. 74. 
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Truncation Error 

Truncation error 15 a result of terminat1ng 1nf1nite processes 

in a fin1te number of steps For example, 

The above LS an 1nfin1te ser1es. Therefore it w~uld take infinite 

t1me to rnake all the calculatLons so des1gnated by the serLes. S1nce 

the calculation must be completed 1n a f1n1tc time, the series must be 

stopped or truncated after a f1nite number of terms are calculated 

S1nce the series LS not carried out to the last ter~, the truncation 

process leads to another source of statLStLcal error. 

Usually, truncat1on of the LeontLef inverse does not lead to 

enormous computational errors. S1nce the matr1x has certa1n mathemat-

lCal properties, such as l ai S: l, a ~ 0, it lS well behaved. 
l ] ij 

therefore, the first few terms of the progress1on may be used as an 

approx1mat1on of (l-A)-1. Unl1ke the error due to no1se, the trunca-

tlon error can be esLLmated SLnce (I-A) (I·A)-l =I. This error lS of 

no sLgn1f1cance in either the 38 by 38, 1939 matrix nor the 44 by 44, 

1947 matrLx. 

TruncdtLon error is not limited partLcularly to the Leonlief 

inverse. As the model becmnes more ref1ned, transcendental functions, 

e.g., ex, are used for the solutLon of the dynamic case. In order Lo 

evaluate these functions, approAimationa are also made by truncat1ng 

an 1nf1n1te series. 
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Spec1ous Accuracy 

Specious accuracy results from providing numerical answers with 

too many declmal points wh1ch the input data do not warrant. An exam

ple of specious accuracy is given by the following example. The ratio 

of two numbers a and b, each of which has two significant dtgits, might 

be wr1tten to six point decimal accuracy. In such a case the result LS 

very misleading for several reasons. 

Flrst, the basic input data in the model may not be known to 

such a high degree of accuracy. Therefore, from a stat1stical standpoint 

the additional decimal places in any given number are not only mislead• 

ing but have no statistical foundation from the standpoint of numerical 

analysis. 

Second, even if the input data justify such a high degree of 

numerical accuracy. the results may still be misleading since they 

imply that the model can generate solution sets with a high degree of 

accuracy. This is a completely erroneous assumption in the case of 

input-output models. A model which 1s formulated upon the assumptions 

of linear homogeneous production functions and homogeneous outputs, 

not to mention the problems of aggregation and computational error, is 

not likely to predict output levels to s1x decimal places. However, 

specious accuracy should not be confused w1th carrying a large number 

of dec1mal places in the solut1on of simultaneous equation systems. 

As previously dlscussed, there 1s a great advantage in carrying these 

1ntermed1ate calculatLons to a h1gh degree of decimal accuracy since 

they lun1t the magnitude of the rounding error. 
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Evans has made an e~haustive study of the effects of structural 

errors on 1nter-1ndustry proJcCtlons. 17 His conclus1ons are as follows 

1 W1.th reasonable care 1n the construction of base 
tables, especially with respect to the autonomous and 
total activity vectors, 1nter1ndustry est imatcs can be 
made wtth conf1dence that errors 1n structural matrices 
are not only noncumulative but rather compen~ating in 
effect. 

2. Many of the error est1mat1ng propert1cs of the approach 
are enhanced 1f the autonomous demands, factor payments, 
and act1vity totals in a base table arc well established, 
hence special efforts to 1nsure the accuracy of the~e 
controls arc well worthwh1le. 

3 BoLh mathemat1cal considcrat1.ons and experience show 
that rounding errors in computations can be written off 
as a problem 1n this field. 

4 Proportionality assumpt1ons, in place of somewhat more 
realistic nonhomogeneous linear interrclAtionshlp functions 
may }leld qutte adequate results over a fairly wlde range 
of problems if used w1th reason and care. The eYtensive work 
requtrcd to quantify nonproportional forms may properly 
be limited to cases where there is reason to suspect a 
signtficant departure from the siMple ratio form and where 
the sector involved 1S d1rectly tmportant to a problem. 

5. The many ways 1n which errors in quanttficat1on or 
formulation compensate should not lead to any tnfcrence 
that careful and detailed stat1st1cal work 1n establish1ng 
a structural matrtx is not justified, on the contrary, 
confidence in the validity and usefulness of 1nter1ndustry 
results must rest firmly on such a base. The data problem 
is the outstand1ng difficulty in this field today 

6~ An important characteristic o( the tnterindustry 
approach and a major contrtbution by 1.t to economic 
research 1s the method's 1nherent ability to minimize 
undesirable effects from the errors wh1ch, b~cause of 
imperfections throughout the body of available data, are 
sure to infiltrate the most carPful ec,nonlc analysis. 

17,~ D.Evans, "The Effect of Structural Matrix Errors on 
Interlndustry Relations Matn.x," t:conometnca, XXII (1954) p. 479. 



7.5 The Effect of Model, Statistical,and Computational 
Errors on Inter~ndustry Project~ons 

100 

Previous d1scussions contain an analysis of the theory, use, 

and lim1tat1ons of the int~rindustry approach. The object of this 

section is to examine the effects of the limitations of the model in 

its empirical use. A real test for any econometric model is to deter· 

mine the validity of its results by comparing them with observed 

economic phenomena. This section describes the results of several of 

the empirical tests of the interindustry model. The majority of the 

tests involve a comparison of the output projections generated by the 

model with the actual outputs for a given period. 

The validity of the model might be determined by comparing its 

predicted outputs with actual observed outputs for a given year. How-

ever, such a procedure does not g1ve any insight 1nto the usefulness 

of the model. In order to determine the usefulness of the model, the 

results generated by the model must be compared with alternative 

methods of predicting the levels of output. If interindustry analysis 

is to be a useful tool of empirical economic analysis it should shaw 

considerable improvement over the more elementary methods of esti-

mat1ng industrial output such as simple regression and a moderate 

improvement over the more advanced methods such as the multiple-corre-

lation of time series. 



cedures: 

Chenery18 offers the following restraints on the above pro-

1. In making an input-output projection two methodo
logically different steps are involved, estimating the 
finaL demands on all industries and estimating the 
total production required in aLl industries to meet 
both these final demands and the intermediate demands 
from other industries. Only the latter step is dis
tinctive of input-output analysis and therefore the 
overall tests should if possible be artificial projec
tions based on actual final demands and actual total 
outputs in a past year. 

2. The input-output technique ought to be most useful 
in analyzing the effects of radical changes in the com
position of final demands. In the extreme case in which 
aLl final demands changed proportionately, it would 
project proportional changes in all outputs and the 
technique is hardly necessary for such a simple projec
tion. In cases of radical change in final demands, on 
the other hand, as in war mobilization or in forced
draft economic development, alternative techniques based 
on continuation of the past run into difficulty, and the 
input-output technique ought to come into its own. Un
fortunately, the overall tests which have been made all 
refer to peacetime years which do not have such radical 
changes in the composition of final demands. 

3. The provision of reliable data in actual final demands 
and actual total outputs, consistent in form with input
output concepts, is a difficult task in its own right. 
Therefore, it is possible for the output projections to 
show a different degree of accuracy than is shown by 
comparing output projection with actual observed levels. 

The remainder of this section contains a description of the 

major empirical investigations regarding the accuracy o£ Leontief's 

model. The implications of these tests are discussed in the next 

chapter. 

1~. B. Chenery and p, G. Clark, Interindustry Economics 
(New York: John Wiley, 1959), p. 165. 
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The majority of the early testing of the model was performed by 

Leontief. His emp1rical tests fall into three distinct categories 

which are described in the following paragraphs. 

1929 Backcast 

In this experUnent, Leontief used the data from the 1939 Census 

of Manufacturers to derive a transactions table which 1n turn lead to 

the computation of a table of act1vity coeffic1ents for 1939. Next he 

determined the actual bill of goods for 1929 from pertinent data 

sources. Given the act1vity coefficients and the bill of goods he pre• 

dieted the level of outputs corresponding to the 1929 bill of goods by 

the use of the interindustry model. The results of his calculations 

are given in Table 7.5-1. 

The accuracy of the predictLons is surprising for several 

reasons. First, the activity coefficients were applied to data which 

were ten years old. Although a basic assumption of the model is that 

the coeff1ctents are invariant, they are seldom used for predictions 

of such a long time interval without some minor modificat~on. 

Second, the ent1re economy was aggregated 1nto 10 industr1es. 

The previous dtscussion concerning the problem of aggregation empha· 

s1zes the discrepancies introduced by such a large degree of aggrega• 

tion. In fact the aggregation used in this analys1s is 50 times as 

great as that used in some of the later verifications of the model. 



TABLE 7.5-l--A COMPARISON OF THE ACTUAL AND INDIRECT DEMANDS FOR 1929 AND OF ES!IMATES BASED ON THE 
STRUCTURE OF 1939 

(Millions of Dollars; 1939 Pri.ces) 

(1) 
U!9 fU9 

(4) (5) (6) (7) 
Bill of Actual Estimated Errors in Error as 

Industry goods Output Output Direct Indirect Estimating Percent 
Estimate· Demand Demanc Indirect of actual 

Demand 

"-u !J-11 G!-4) (6[4) 

Agriculture 9227 11496 ll512 2269 2285 16 +0.7 

Minerals 143 3711 3647 3568 3504 -64 -l.R 

Metal Fabricating 5029 15909 l3964 10880 8935 -1945 -17.9 

Fuel and Power 3998 8822 8992 4824 4994 170 + 3.5 

Textiles, leather 6009 7677 7465 1668 1456 -212 -12.7 
and rubber 

Railroad transport 812 5669 4081 4887 3269 -1618 -33.1 

Foreign Trade 619 3673 3115 3054 2496 -558 -18.3 

Industries, n.e.c. 9555 19003 20972 9448 11417 1969 +20.8 

Covernrnent and 23346 48836 52563 25490 2921.7 3727 +14.6 
other industries 

Source: 0. Morgenstern, Economic Activity Analysis. (New Yor~: John Wiley, 1954), p. 60 

,_ 
Q:) 
w 



Standard Errors of Prediction for Various 
Methods of Output Projection 

Leontief states that 

this test has been designed to compare the magnitude of 
error resulting from a purely mechanical application of 
the input-output technique, with assumption of constant 
input coefficients, to prediction of unknown total outputs 
of individual industries from a known bill of final demand 
with the error resulting from a similarly mechanical appli
cation to the same data of the more conventional methods 
of prediction currently in use. The comparison of the dis• 
crepancy between the actual 1919 and 1929 outputs and the 
outputs predicted for these years is summarized in the 
following table. It seems to point toward unmistakeable 
superiority of the ingut-output technique at least in this 
particular case.19 
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TABLE 7.5~2--STANDARD ERRORS OF PREDICTION OF THIRTEEN INDUSTRY OUTPUTS 
IN 1919 AND 1929 FROM 1939 DATA 

METHOD lib 

METHOD Illc 

(Millions of Dollars) 

1919 

1363 

2021 

1929 

237 

1744 

1539 

Source: w. Leontief, The Structure of the American Economy 
1919-1929 {Cambridge, Mass.: Harvard University Press, 1951), p. 216. 

8 Input-output. 

bOutput of Industry 
Gross National Product 

c 
Output of Industry 
Final Demand o£ Industry 

~ Constant 

Constant 

19w. Leontief, The Structure of the American Economy, 1919-1929 
(Cambridge, Mass.: Harvard University Press, 1951), p. 216. 
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The Variation of Activity Coefficients Between 1919 and 1939 

In this study Leontief calculated the activity coefficients 

for 1919, 1929, and 1939. He then made an exhaustive statistical anal• 

ysis of the nature and significance of the change in these activity 

coefficients. The results of this study are contained in Studies and 

are not summarized in this thesis. 20 However, the following table 

indicates some of the major results of his analysis. 

TABLE 7.5-3--STATISTICAL CHARACTERISTICS OF CHANGES IN ACTIVITY 
COEFFICIENTS 

1919-1929 1929-1939 
Distribution Distribution 

Mean 

All Coeffici.ents -.14 -.14 

All Non-labor Coefficients .60 .30 

Labor Coefficients Only -.36 -.16 

Standard Deviation of All Coefficients .35 .35 

Source: W. Leontief, Studies in the Structure of the 
American Economy. (New York: Oxford University Press, 19S3), p. 28. 

The BLS Test, 1929 to 1937 

Hoffenberg did one of the most extensive overall tests of the 

Leontief model. Given the 1939 38 by 38 matrix and the final demands 

for each industry in 1929, 1931, 1933, 1935, and 1937, he calculated 

20w. Leontief, Studies in the Structure of the American 
EconomY· (New York: Oxford University Press, 1953), p. 17. 
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the corresponding output for each year. He then compared the output 

projections of the model with the final demand and Gross National Pro• 

duct projections. The techniques of these alternate types of projec-

tions are given in Table 7.5-4. 

TABLE 7 .5-4-·AVERAGE ERRORS OF ALTERNATIVE PROJECTIONS 1929·1937 
(Billions of Dollars) 

1929 1931 1933 1935 1937 1929·1937 
Average 

Percentage Errors 

Input-output 18 17 13 7 5 12 

Final Demand 19 24 14 8 5 24 

GNP 23 26 35 10 10 21 

Algebraic Averages 

Input -output 7 11 6 0 -4 5 

Final Demand 14 20 5 1 -4 7 

GNP 1 20 24 11 -8 8 

Source: National Bureau of Economic Research. Input-Output 
Analysis: An Appraisal. Conference on Resea~ch and Wealth (Prince• 
ton, N.J.: Princeton University Press 1955), p. 163; H. B. Chenery 
and· P. G. Clark, Interinduscry Economies (New York: John Wiley, 
1959), p. 167. 

Barnett's Test 1950 Full Employment Projection 

The previous tests involved backward predictions of output, 

i.e., they started with a known final demand and calculated the 
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corresponding output levels. In 1947, Barnett used the model for one 

of its actual purposes, i.e •• forecasting future outputs needed for 

full employment. The primary difference between this test and the pre• 

vious tests is that Ln this test the final demand had to ba predeter· 

mined before the output levels could be forecast. 

Barnett also increased the scope of the analysis. The altern&• 

tive tests of Leontief and Hoffenberg are statistically naive since 

they merely applied constants to output data. In addition to using 

these elementary projection methods, Barnett used a fourth method in 

which he used linear multiple regression analysis based on the data for 

the years 1922 to 1941, and 1946. Time and GNP were the independent 

variables. His analysis was based on two alternative hypothetical 

models. In the first, the Consumption Model, full employment was 

attained solely by expanded consumption and in the second, the Invest-

ment Model, full employment was obtained solely by expanded investment. 

The results of Barnett's test are given in the following table: 

TABLE 7.5-5-·AVERAGE ERRORS OF ALTERNATIVE PROJECTIONS, 1950 
(Billions of Dollars) 

Index Po~nta Absolute 
Consumpfton Ih estment ConsUlllptlon 

Hodel Model Model 

Input-Output 32 35 877 

~1ultiple Regression 42 30 662 

Final Demand 34 39 975 

GNP 50 50 1115 

Source: H. B. Chenery and P. G. Clark. Inter industr~ 
(New York; John Wiley, 1959), P• 170. 

Value 
Investment 

Model 

926 

424 

1030 

1049 

Economics 



Ghosh 1 s Use of Nonhomogeneous Production Functions 

The theoretical advantages in using nonhomogeneous production 

functions or two-point estimates of activity coefficients are discussed 

earlier in this thesis. At that time, no empirical investigations were 

given to support the argument. Ghosh21 has made one of the first empir-

ical extensions of the model. 

The previous teats of Lconticf. Hoffenberg, and Barnett, stayed 

within the confines of the basic model in that their analysis contained 

no deviation from the basic assumptions. Ghosh has modified the model 

by the use of two-point activity estimates. In general his results 

show that two-point estimates offer better output projections than 

those of the conventional LeontLef type. 

TABLE 7.5·6-·0UTPUT ESTIMATES FOR 1939 and 1947 
(:-Ullions of Dollars, 1929) 

1939 Estimates 1947 
Leontief · Prasent Leontief 
Matri.x Matrix Actual Matrix 
)I ,. bx y = a+bx y - bx 

1929 1919-29 1939 1929 

Agr icu 1 t.u re 24300 23846 25131 30827 

Mining 4333 4516 3920 7990 

Industry 65932 69806 69806 120769 

Fuel 10554 10885 10308 14365 

Transport 7371 6537 5053 13968 

Estimates 

Present 
Matrb: Actual 

y "' a.+bx 
1929-39 1947 

27209 29187 

7964 7150 

131192 150391 

14231 8402 

10618 7987 

Source: A. Ghosh, "A Note on the Leontief Model with Non-Homo· 
teneous Production Functions," Metroeconomica, XII (1960), 19. 

21A. Ghosh. "A Note on the Leontief Model with Non-Homogeneous 
Production Functions. 11 Metroeconomica, XH (1960), 14-21. 



CHAPTr:R 8 

CONCLUSION; THE USE OF INTERINDUSTRY MODELS AS A 
STATEMENT OF FUNCTIONALISM 

The use of interindustry models as a statement of .functionalism 

in marketlng isa particular answer to the more general problem of the 

applicab~lity of linear economic models to marketing. The previous 

chapters contain an analys1s of the theory underlying the construe-

t1on of marketing models in addition to the use and limitations of one 

particular linear economic model, the interindustry model for the solu• 

tion of marketing problems. However, none of these technical limita-

t1ons of the interindustry model were related to their effects on the 

development of those marketing models which emphasize the functional-

ism approach in market analysis. 

Functionalism represents a combination and an extension of the 

three traditional approaches to marketing, the commodity, instltutional. 

and functional approaches. the relation of functionalism to interin-

dustry analysis is discussed in the introduction and is not repeated 

in this chapter. The objective of this chapter ia to show that 

economic models, such as the interindustry model 1 must undergo consid· 

erable modification before they can solve the pract1cal problems which 

confront the market analyst. 
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8.1 Limitations on Functionalism Resulting From the 
Use of Interindustry Models 

Non-Holistic Approach 

the interindustry model is primarily concerned with economic 

phenomena. However, in order to aid in the solution of marketing pro&-

lems, additional variables, other than those related to economic pheno-

mena, should be considered. Therefore, in addition to the equations 

describing economic phenomena, other equations must be added to describe 

the results obtained from the other fields in the social sciences. 

Social psychology, sociology, anthropblogy, and psychology are 

beginning to use quantitative techniques.l The results of these studies 

may lead to the development of non•economic behavioral equations which 

increase the realism of the model. 

Constancy of Interre&ional Distribution Systems 

If the interindustry model is to be applied to regional market• 

ing analysis, each economic region must be treated as a separate econo-

mic sector. Not only are the technologicaL relationships between 

industries assumed to be invariant but the model also assumes the 

distribution of sales between industries in a given region to be con-

stant. In a dynamic market, such an assumption represents a serious 

restriction on marketing analysis. 

The Absence of Non-Economic Behavioral Equations 

In the opinion of the author, the greatest limitation of 

1 J.C. Charlesworth, Mathematics and the Social Sciences 
(Philadelphia; The American Academy of Political and Social Sciences, 
1963). 
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int~rindustry analysis as 11 basis for t~ construction of an operational 

statement of functionalism is the absence of non-economic behavlora L 

equations. As prevLously discussed, behavioral equations describe the 

actions of the basic etements in any syst•,r•L In an economic system 

these b;:;sic clements arc households and busincs:; firms. ,\ variety of 

equations can be written to describe the .actions of these basic cle•oonts. 

The interindustry model is nearly void of economic behavioral 

'~quat ions <ll:id Ci>mpletely void of non-economic constraint:;;. Given a 

bill of t;r>ods and dw activity cneffici.ents for each industry tho inter-

industry model predicts output Iev<~ls. Given the same information, 

trac.li::torHll ccothlmic analysis would not lead to n prediction of output 

levels unless some economic behavioral princi.pl.e such as the maximiza-

tion cf profl.ts by the individual firms were given. Therefore, the 

interindustry modal appears to eliminate tho problem uf having adequate 

knowledge concerning the behavioral. patterns of firms and hous<cho1ds. 

dustr:t, models as ~!!..axiomatic statement of functionalism. 

In interindustry models, the economic ends dr"sired by tln i.ndi-

vi.duat are taken as givGn data and no attempt is made to <~;<plain them. 

For Qxamp1e 1 "l'sychology, physiology, cultural history, llnd many other 

disciplines may make it their business to investigate why men like to 

drink alcohol; tn economics what is alone of importance is that a 

demand for alcoholic beverages exists in a definite volume and strength."2 

2L. Von Mises, EpistemologicaL Problems of Economics (Princeton, 
N. J.: D. Van Nostrand, 1950). 
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Hov1ever, these underlying non-economic behavioral principles which 

give rise to the demand for an economic good are essential components 

of an axiomatic model of functionalism. For this reason~e~isting 

economic models, without extensive modification, will not provide an 

operational model of functionalism. 

Concluding Statement 

"The progress of economics has been and is so painfully slow 

because the concepts, the analytical tools. and the investigative tools 

employed by economists have been and are basically incompatible with 

the subject matter that economists study."3 To a large degree this 

criticism applies to marketing. However. the functionalism approach 

is a step towards matching the tools of market analysis with the 

current subject matter. Since functionalism is a new analytical tool 

in marketing, it is now in the conceptual stage ~nd is not empirically 

operational. The following suggestions are offered so that the con-

ceptual framework of functionalism can be used as an empirical tool of 

~rket annlysis: 

Modification of Economic Models.-- It is the opinion of the 

author that a quantitative model of functionalism should be constructed 

by modifying the more successful economic models. In particular, the 

interindustry model appears to be the most favorable economic model 

which could be modified in order to represent a model of functionalism. 

3s.Schoeffler, The Failures of Economics: A Diagnostic Study 
(Cambridge, Mass.: Harvard University Press, 1955). 



Plurality of models.- A variety of models should 

be used to descr1be different segments of the market1ng 

process. 

The Use of Behav4oral Equations.- Bcha,vwral 

equations which describe the actLons of individuals and 

firms 1n the market should be incorporated into the model. 

These equat1ons should be derived from a deducttve-l.nduct

ive examination of marketing phenomena. 
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The Construct1on of Isomorphic Models.-- The models should be 

structurally sim1.lar to the market phenomena they are to represent. 

The models must show a one•to-one correspondence between their compo

nents and the concepts wh1ch they are to represent. They must also 

contain a symbol1c statement of the existing functional relatlonshLps 

between pertinent marketing variables. 

InterdlsciplLnary Contributions -- In addltLon to mod1fying 

ex1st1ng economic models, the market analyst should also use the contrl

butions of th~ other soc1al sciences whtch are related to certaLn phases 

of the marketing process. The introduct1on of quantitative analysis 

ts not ltml.ted to marketlng and economics, many of t;hc other soc1al 

sciences such as sociology, psychology, politLcal science, and anthro

pology also use quantitative models. The introduct1on of these models 

would b~ comparable Wl.th the plurality approach to marketing model 

construction. 

For example, "sociology 'lay descr1be the method in which insti

tutions change, psychology would descrtbe the modes of reaction one 
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might expect and how fast these change. The physical sciences and engi-

neer~ng would tell what the production functions are and what possibil-

ities of change exist, and the geologist would contribute informat1on on 

the existence and location of natural resources."4 

The Limited Use of Natural Science Models.-- Generally the use 

of the models employed in the natural sciences will offer at best a 

very minor contribution to the development of marketing models. This 

cr1tic1sm follows from the fact that the maJority of the models in the 

natural sciences are mechanical models, 1.e •• for a given set of envi· 

ronrnental conditions, the behav~or of any element in the model is 

uniquely determ1ned. 

For example, in chemistry, a moles of reactant A and b moles 

of reactant B may be united so as to yield c moles of reactant C at a 

given temperature and pressure. However, a consumer with a given 

income and, for example, constant social and polit1cal conditions, may 

distribute his expendLtures in an entirely d1fferent manner under tbe 

same environmental conditions. Therefore, the mechanistic models of 

the natural sciences have severe ltmitations when applied to marketing 

problems. 

4 
~·· p. 85. 
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APPENDIX 

A.l Some Salient Charactcr~stLcs of Input-Output Models 

Chapter 2 discusses the construction of the bas~c model. In 

order that th~s model may be applied to a variety of problems, a 

crltLcal examination of the properties of the model must be made In 

the last decade, economists, mathematieian~and statisticians have 

done extensive research in this area, unfortunately) theLr results are 

published 1n many different books and journals, the maJority of which 

use different notations. 

A complete summary of these previous works is almost impossible 

for one writer to complete. This sect1on conta1ns those theorems and 

theoretical extensions of the model which appear to be most important 

for additional extensions of the model Slmilar to the numerical exten

sions in this thesis. Therefore, the importance of the material in

cluded in this chapter represents a value judgment on the part of the 

author and should not be interpreted as the general opinion of all the 

practitioners of interindustry economics. 

In obtainLng the Lnformation for this section, two problems 

were encountered; first, the traditional problem of different notat1on; 

and second, the statement of the theorems was often quite general and 

not directly applicable to interindustry analysis. Therefore, the 

author took the l1berty of changing the n~tation and on occasion the 

statement of the theorems in order to yield a consistent set of 
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properties. These changes may limit the scope of the original work; 

therefore, the reader should consult the original work if the present 

analysis appears to be incomplete. The proof of a theorem LS included 

only tf 1t prov1das addLCi·)nal explanatory 1nformation mandatory for a 

correct interpretation of the theorem. 

Several parts of this sect1on involve an explanat1on of the 

basic concepts of linear models and cannot be attributed to any specif-

ic writer. The major part of the discussion in th1s chapter involves 

a synthesis of existing theorems in order to form a basis for the 

exam1nat1on of the more recent problems of input-output analysis. 

Pos1t1ve Equilibrium in the Leontief System 

The obJect of thLs section is to examine the conditions under 

wh1ch the system is in a state of positive equilLbrLum. If the model 

is in a state of pos1tive equ1librium, the output of all industries is 

greater than or equal to zero, wh1ch means that all the elements of 

-1 (1-a) are non-negative. The subject of positive equilibrium is of 

extreme Lmportance Ln the static case. A negative output for an indus-

try, gtven a pos1tive bill of goods, implies that the industry cannot 

keep Ltself in operation~ however, if its output ts positive, i.e., if 

it is 1n a state of positive equilibr1um, then the industry has the 

abLllty to produce goods for final consumptlon in addition to keeping 

itself going. 

The questton of posit1ve equilibrium centers around the proper

ttes of the inverse (1-a)-l which in turn describes the possibility of 



197 

obtaining solutions to the equations in the model. The equation system 

wh~ch describes the interind~stry model has n equat~ons in n unknowns. 

Usually such a system has a unique solut~on, but thts tS not always 

true. Furthermore, even if the system has a unique solution, the set 

must be non-negative (greater than or equal to zero) to have a meanlng-

ful economlc interpretation. 

In the preced1ng sectton the equattons are assumed to be indepen-

dent and consistent; this guarantees a unique solution to the set. This 

argum~nt is now explained in detail. Another way of say1ng that n 

equations in n unknowns have a unique solution is to state that che 

rank (.£) • n 

The rank of c ts def1ned as the number of linearly tndependent 

columns of £· The set of vectors c1 ,cz ... en are said to be linearly 

dependent 1f for aome set ot scalars k1 , not all of which are zero, 

there exists 

lf the vectors are not l1nearly dependent they are linearly ~ndependent. 

The square matrix ~ LS nonsLngular if and only ~f its coluMns are 

l1nearly ~ndependent. Therefore, from the prev1ous assumpt1on, 1£1 ~ 0 

Only nonslngular matr1ces have 1nverses, therefore the square matr1x £ 

has a untque 1nverse if 1t exists. The inverse exists since the equa-

tlons are also assumed to be consistent. This analysis explains the 

reasons for assuming the equations to be 1ndependcnt and consistent but 

~t does not describe under what cond1tions the assumption is correct. 
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The primary objecttve of this section is to determ1ne the feas1-

b~l~ty of producLng a pos~tive bill of goods, ~.e., to determine the 

requirements for pos~tive equilibrium which tmply that no industry 

produces a negat1ve output. Several wr1ters have solved the problem, 

g1.ven certain restraints on a 1j. The outcome of the ~!etzler-Hawkins

Slmons theorems is that for a non-negat1ve matrix~' (I-a)·l will have 

no negat~ve elements if and only 1f all the characteristic roots of a 

are less than one in absolute value. 1 

The Metzler-Hawkins-Simons condition also implies that all of 

the pr1nc1pal minors of (I-a) are positive. The naturally ordered 

principal minors of (I-a) are indicated by the dashed lines: 

I 
l-a11 1 
_____ j 

Therefore, the previous constraint 1mpl1es that 

where j1J2 ..• jn is a permutation of the integers from 1 to n. 2 

Usually the values of the princ1pal minors need not be calculated since 

1a. Solow, "On the Structure of L1near Models," Econometrica, 
XX, (1952), 29-46. 

2F. E. Hohn, Elementary Matrix Algebra (New York Macmillan 
Co., 1958), p. 31. 



the columns of I a1 J I add up to less than one, which is a sufficient 

condLt1on for the nons1ngularity of (I-a)-l 
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In the reg1onal model considered Ln Chapter 4, ! represents the 

transactions matrix '4'hich does not include the rows correspond1ng to the 

exogenous sector. Therefore, 

(J=l,2 ••• n) 

Iaij = 0 (1, j:l,2, .•. n). 

Therefore, the matr1x! satisfiee the condition 

= s <1 
J 

(J=l 1 2 • • • n) 

-1 which then means that (1-a) is nonsingular. 

Treatment of the Interindustry Model 
as a Stochastic Eguntion System 

Early in the writing of this thests,the author developed an 

interest in the change in the activtty coefficients through time. One 

of the basic restrictive assumptions of interindustry analysis is that 

the activity coe£f1cients are constant. Presently, the only practical 

method of overcoming this restriction is to construct a ~ew table of 

activity eoefflcients. As previously explained, this involves the use 

of a tremendous amount of resources. Even with the recent advances in 

electronic data processing, the accumulattng and the processing of the 

data necessary for the cons~ruct~on of the input-output table are a 

vast undertaking. The national government has the resources available 
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for such a study. A comparable study for a reg~on, similar to the one 

descr1bed in the previous chapters also demands large amounts of re

sources. Unfortunately, the sponsors of a reg~onal study do not have 

a vast reservotr of resources, thts cond~tion leads to the use of 

national coefficients for regLonal analyses. 

Conceivably, a region could f1nance one Lnterindustry study. 

However, eventually it w~ll be outdated s~nce the coefficients change 

WLth the passage of t1me. Furthermore, both the nat1onal and reg1onal 

coefftcients have a restriction on them when they.are used to pre

d~ct levels of output and employment for the year 1970, given the bill 

of goods for that year. The statLsttcal techntques used 1n forecasting 

a b1ll of goods have been developed to provide estimates with a reason

able degree of accuracy. However, regardless of the accuracy in these 

forecasts, the predicted levels of output and employment generated by 

the model do not show a comparable degree of accuracy, the reason 

being that the activity coefftcients in 1970 will be different from 

those used in the current model (1963). 

The prevtous discussion illustrates the need for forecasting 

changes in the activity coeffLclents. Even the government, wLth large 

quant1t1es of financial resources, cannot construct a table of activity 

coefficients X years 1n advance of the current year with complete 

accuracy. Therefore, there is a de£1n1te need for relat1ng activity 

coefficients to the time factor. 

A worthwhile formulation of the interindustry model as a system 

of simultaneous stochast1c equations should involve an expression of 
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the commodity flow parameters a 1J as functions of certain variables 

measurable in time, which reflect the reasons for change in the aggre-

gate output. Shephard has suggested the use of time•series analys1s 

as a part1al solution to the problem. 3 In th1s approach, historical 

data are collected regard1ng the output and the final demand of each 

industry for the past n years. From these data the act~v1ty coeff1-

c1ents are calculated and then projected for future years. The first 

and obv1ous disadvantage in this approach is that the collection of che 

data is a formidable task. 

In addit1on to the data problem, there are other statistical 

problems. As previously stated each a
1

J is going co be expressed as a 

funct~on of certain variables, measurable in tlme, wh~ch reflect the 

reasons for change 1n the aggregate ~nterindustry flows per unie of 

aggregate output. Therefore, the functionaL relat1on between a
1

j and 

its corresponding variables are assumed to be invariant. Hence another 

problem which must be solved is the choice of the change-explaining-

var~ables. After the incroduction of these variables the previously 

described time serLes analysis may be utilized. One additional prob-

lem must be cons1dered when the model is treated as a stochastic equa-

c1on system, i.e., the computation of the maximum likelihood estimates 

of the parameters used to relate each aij to its correspondLng varlable 

1n the time series. 

Most econom1c variables are stochastic (random) in that they 

are represented by probability dLstributions. The variables are 

3R. W. Shephard, A Survey of Input-Output Research, Rand 
CorporatLon Report No. P-309 (Santa Hon1ca, c~lif.: Rand Corporat~on 
July, 1952) 



stochast1c since their value is a function of some non-observable 

phenomena clnssif1ed as a random error In addition to random errors, 

econom1c data are also distorted by random shocks, i.e., external occur-

rences which affect a given variable and its correspond1ng random error. 

The relationship of a stochastic equation system to the present problem 

is now considered By the use of simultaneous equations, a relat1on-

sh1p can be made between the observed data, the random errors and the 

random shocks A quantitative expression of these relationships 1s 

called a stoehast1c equat1on system. 

As Marschak states, "The role of simultaneous equations is 

£am1l1ar to economtc theorists. But it has often been forgotten by 

economic statlstictans who tried to estimate a single stochastic rela· 

tion as if no other such relations had taken part in determining the 

observed values of the variables. On the other hand, economic theor1sts 

are apt to forget that the observed economic variables are, 1n general, 

stochastic. To be susceptible of empirical tests an economic hypothe· 

sis must be formulated as a statistical one, i.e., be specified in 

terms of probab~lity distrlbutions.•· 4 It may be stated 1n conclusion 

that each economic observation ~s an outgrowth of a system of complex 

relations which are aimultaneous 1 stochastic, and dynam1c. 

Marschak has given a rigorous definition to stochastic models. 5 

The following d1scuss1on represents a synthes1s of Marschak 1 s work with 

4r. C. Koopmans (ed.), Statistical Inference in Dynamic Economic 
Models (New York John Wiley, 1950), p. 19. 

5~., p. J. 



recent advances in mathematical statist~cs. !he objeetive of thLs dis-

cuss~on LS to point out the role that the previously ch.scussed parame-

ters have Ul the formulat: LOn of a model. 

A stochasttc model M is the ~ priori informatlon on a system of 

equat.Lons 

(A.l) g .. l, ... c 

and on the ]Oint d1Str1but.Lon density funcL~on 

(A.2) f(w,e) 

where 

! prior.L .Lnformatlon represents statemen~whLch are obtained 

lndependently from known observable data. 

~g = a scalar element of the vector (.1 

a(g) a parameter vector (subvector} 

JC = (x:l, ~) the vector of observable vartables 

w - (wl• wJ) the vector of nonobservable random 
dtsturbances 

e = a parameter vector 

Substituting w from equation A 1 Lnto equation A.2 yields the 

distribution density function of the observable vector x, i.e .• gx(x). 

There fore, the ana lays ls presupposes a knowledge of ljJ, f, and their 

parameters a and e. The parameters are usually obtained by using 

max1.mum l1kelihood techniques. lloopmans provtdes an excellent coverage 

6 of thts subJect. The acttvlty coefficLents in the interindustry model 

'o~ould correspond to the parameter vector a(g) and l.S subjected to tha 

same stattsttcal rechniques as the parameters a and e. The entlre 

structural relatton for the system wo~ld be given by X= (t-A)·ly 

G ~., p. 26. 



Linear Programming and Factor Substitution 
in apen Leontief Models 
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There are many important economic assumptions underlying the 

construction of the Leontief model. The assumption regarding factor 

substitution is closely related to the linear programming interpreta-

tion of Leontief's model and is the topic of discussion in this section. 

The assumption under consideration ~ concerned with the nature 

of the production process used by each industry. Leontie£ assumes each 

industry produces only one commodity and this production is achieved 

by only one production process. This assumption has many implications. 

For example, if labor demands wages which exceed its productivity, there 

is a tendencey for capital to be substituted for labor. One may erron-

eously conclude that the factor substitution is impossible in the 

I~ontief model as it is in the Walrasian model. An elementary answer 

to this question is to recall that the miK of factors used in the pro-

duction of any commodity is obtained after a consideration of all possi-

ble processes. Therefore, the problem of substituting one process or 

activity instead of another is solved before the model is constructed. 

Samuelson has shown that a Leontief system with one primary 

factor is compatible with the general case of substitutability. "With 

labor the only primary factor, all desirable substitutions have already 

been made by the competitive market, and no variation in the composition 

of final output or in the total quantity of labor will give rise to 

price change in substitution."] 

7 T. c. Koopmans (ed), Activity Analysis of Production and Allo-
cation. (New York: John Wiley, 1951), p. 143. 
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t\lthough Samuelson'~ Sub~t1tut1on Theorem has solved the theoret

lcal problem regarding factor substitution in Leont1ef models, there 

sttll exists a serLous empir1cal problem. The var1ablcs 1n the model 

are not homogeneous econom1c quantLties The activ1ty coefficients 

are obtaLned by aggregating the commodtty flows of many lndustr1es wh1ch 

1n tuln destroy the complete homoeenelt} Ln the data a~sumed by Samuelson 

The prevlut s dLscusstoq cJncludes that as long as the model takes 

the process used for the production of any comnodity as gLven, i e , if 

the dec1510n mak1ng factor lS 1gnored, the problem of sub~tltUtLon wlll 

not ar1se. W1th the recent advances in the theory of l1near programm1ng, 

the problem of decis1on m3king tn Leont1ef models may be expanded 

For illustrattvc pruposes, consLdcr an economy w~th three indus

trles whose outputs are Xt. x2 , and x3 and whose corresponding f1nal 

demands are Y1, Y2 , dnd y 3 Let x
13 

equal money flows from 1ndusty 1 

to 1ndusty J and i = 0 tor labor. The problem LS to choose that pro

ductLon process whlch has the mLn1mum labor requ1reMents f0 a g1v~n 

bLll of g>ods, and may be stated 1n the following manner· 

}ilnimize 

subJect to the followLng condltlons 

( l-a 11 )X 1 

-azlXl 

-a 31 xl 

-a12X2 

(l-a2z)X2 

-a32X2 

-aL3x3 

-a23X3 

(1-a33)X3 

The solution to the above linear programmtng problem ts not 

considered tn this discusston s1nce ther~ are several e~cellent books 

on the subJect. However, the example does illu~trate the manner tn 
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which linear programming techniques can be applied to Leontief models. 

The linear programm~ng interpretat~on of the model provides an evalua-

tive criterion for selecting a specific production process. After the 

dec~sion is made, assuming a homogeneous product group, Samuelson's 

SubstitutLon Theorem answers the question regarding the effect of factor 

substitution on output. 

As previously stated, there are three quantitat1ve tools used 

in interindustry analysis, namely; input-output models, linear program-

ming technLques, and economic activity analysis. The hLstorical devel-

opment of these approaches is in the abnve order. Also, the empirical 

utility of the approaches is Ln the same order, i.e., input-output 

analys~s is a more valuable tool for an emp1rical analysis than either 

linear programming or activity analysis 

Essentially, activity analysis involves an extension of linear 

programm1ng techniques to general equllLbrium theory in economics. 

Activities are combinat~ons of commod1ties, some being inputs used in 

fixed proportions to produce others as outputs in fLXed proportions. 

"An actiVLty is a quantitatlVe concept; it has a level and hence a unit 

size,"8 

Activity analysis broadens the scope of classical economic 

analysis. No longer 1s the model l1mited to continuous differentiable 

production functions, i.e., different activities may produce goods in 

dlscrete patterns. Activity analysis also recogn1zes the fact that a 

firm may produce a variety of products from its productLon facLlities. 

8 R. G. o. Allen, Mathematical Economics. 2nd ed. revised 
(London Macmillan & Co., 1959), p. 568. 
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Presently. activity analysis is in a formative stage and is not prone 

to empirical use. However, it is a recent innovation in economic anal-

ysis and therefore its present limitations should not discourage addi-

tiona! inquiry into its potential uses. 

Dynamic Interpretations of Interindustry Models 

The basic model described in Chapter 2 is static since there is 

no equation in the system which is a function of time. "A system is 

dynamic if its behavior over time is determined by functional equations 

in which variables at different points of time are involved in an essen

tial way. n9 

The static model emphasizes the simultaneous flows of goods and 

services among the producing and consuming sectors of the economy. 

However, the static model does not consider the effects of the past on 

the future. The recognition of the importance of time on economic 

data is a unique addition to the static Leontief Model. The primary 

assumption of the static model, i.e., that each industry produces one 

commodity by the use of a fixed technological process, is retained in 

the dynamic model. 

The controversy concerning the merits of static and dynamic 

models in economics is a lengthy one. Some economists believe that the 

static solution is the long-run equilibrium solution while others state 

that economic observations ar~ always changing and therefore must be 

explained by the use of dynamic models. Given the previous definltions 

of static and dynamic systems, tbe two approaches may be reconciled. 

9p, A. Samuelson, Foundations of Econ~ic Analysis (Cambridge, 
Mass.: Harvard University Press, 1947), p. 314 
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Jevons, who had an excellent knowledge of the physical sc1ences, 

suggested the follow1ng reconc1liation of the two approaches, He be-

l1eved that static models would describe the nature of the forces which 

lead co an equill.brium level wlnle dynamic models would provide an ex-

planation of the changes wh1ch lead to this equilibrium level. Many 

writers have used this analogy to form the foundation for the following 

argument. Their bel1ef is that a static model p1npoints important 

structural relationships whose modification leads to a dynamic model. 

Other writers disagree and state that dynamic models must be 

constructed from princip'les entirely d1fferent from those found in 

traditional economic theory. Kuznets states that 

p. 41. 

it is true that the element of emp1rical generalization 
and analysis conta1ned 1n tradLtional econom1c theory 
is of some value for the purpose of explaining problems 
of change. The singltng out of the most Lmportant groups 
of social phenomena, the attempt to show their intercon
nection, the broad generalization about human behavtor 
and the interact~on of individuals, the groups of condi
tionLng factors singled out, all these parts of a statLc 
scheme are usually dertved from observation of economic 
ltfe and thus ltkely to yield results of some value. But 
the static scheme in 1ts ent1rety, in the essence of its 
approach, is neither a bas1s nor a stepp1ng stone towards 
a proper treatment of dynamic problems. It may provide 
some clues for dynamics, buc 1ts list of factors is in
complete, its emphasis is mLsleadLng, and its essential 
analyt1cal part, its principle of organization must be 
disearded if the otherwtse difficult problem of economic 
change 1s not to be made decept1vely simple 1n the short 
run and all the more difficult of handling in the long 
run. 10 

The dynam1c extension of th1s 1ntcr1ndustry model utilizes the 

lOs. Kuznets, Economic Change (New York: w. w. Norton, 1953), 



methodology suggested by Jevons, i.e , the basLc structure found in the 

static model lS expanded upon in order to lead to the construction of a 

dynamic model The author does not claim this to be the best or only 

method for the construction of the dynamic model. These followers of 

Kuzne~are perfectly free to develop a new body of interindustry theory 

to explain the dynamic case. Unfortunately, the present dynamic theory 

of 1nterindustry models is 1n its primitive stage and will probably 

remain in this stage 1f no use is made of previous studies. 

A Matheroat1cal Statement of the Qpen Dynamic Model 

The open static model is represented by 

(A.3) ·1 X "' (l·A) Y 

Ibis model is not concerned with capital formation such as an 

increase in mach1nery, 1nventory, or investment. The dynamic extension 

of the model relates capital stock to output. The activity coefficients 

in the static model relate the input from industry 1 to the output of 

1ndustry J• In add1tion to the activ1ty coeffic1ents, the dynam1c 

model uses capital coefficients, biJ Thus b~j represents the untts 

of product i held per unit flow of product j Having defined biJ in 

this manner, C1 J represents the capital formation of commodity l held 

by industry J. 

Therefore, the matrix of activity coeffLcLents ia as follows 

(1-all) - 8 12 -au -aln 

--:.a21 (l-a22) - 8 23 • -a2n 

- 8 31 -a32 (l-8 33) . -a 3n 

A 

-a n3 



The matrix of capital coefficients is: 

bll b12 bl3 bl.n 

b2l 1>22 b23 b2n 

B 
b3l b32 b33 b3n 

In the dynamic model the activity coefficients are considered to be 

constant, 1. .e., 

Likewise, in the dynamic model the capital coefficients, bij' are 

considered to be constant. Hence 

By assuming that the capital formation function is continuous 

(A.4) dCij == bijdXj 

dt dt 
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Equation (A.4) states that the change in capital formation is equal to 

bij times the change in output. 

Equation (A.3) can be written in the following form 

(l = 1, ... , n) 

The dynamic model may be constructed from the static model by 

adding the capital formation term :~ij·ll This term represents the 

change in capital formation with time. Therefore, the model for the 

11 Allen, p. 363. 
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dynam1c case becom~s 
n n 

(i = l, 2, • , • n) 

Substituting equation (A.4) into equation' (A.5) 

n n 

Xi "' L a 1.l J + Y i + I:: (i = 1, 2, . • n) 

J=l jel 

n n 

Xt .. L aijXJ+Lb1JdXJ +Yt (i = 1, 2, .•• n) 

J=l J=l ac-
n 

(A.6) X1 = ,L(aiiJ + b1 JdXJ)+ \ 
J=l or-

(i ~ 1, 2, ..• n) 

In general, equation (A 6) cannot be solved in its present form sinee 

there are two variables, X and Y. Therefore, it is necessary to obta1.n 

Y = f(X). There are many possible expressions for relat1ng final 

demand to gross output. Assume that the final demand changes exponen-

tially at a rate g over time t. Therefore 

(A. 7) (1 = k, 2, . . • n) 

Subst1tuting equation (A.7) 1nto equation (A.6) 

n 

(A.8) x 1 ... L ( ailj -t- b1JdXJ) + kl.elat (i 

J=l dt 

1, 2, • . . n) 

Fortunately, equation (A.S) is a non-homogeneous, linear, first 

order ordinary d~fferential equation. Equation (A.8) is the equation 

for the dynamic model. It corresponds to X s (I-A)·ly for the static 

model if written in matrix form. 



Positive Eguilibrium and the Stability of 
Dynamic Systems 
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As previously discussed, the problem of positive equilibrium is 

important since it represents a meaningful solution in the static case. 

Positive equilibrium exists if there are no negative outputs for a given 

positive bill of goods. Solowl2 has arrived at an interesting conclu-

sian concerning the relation of the static model to the dynamic. He 

states that a system of linear production functions is capable of pro-

ducing a positive bill of goods if the corresponding dynamic system is 

stable. Therefore another importnnt use of the dynamic,model is in 

studying the properties of the static model. In order to examine the 

possibility of reaching a state of positive equilibrium, a restatement 

of the dynamic model in terms of difference equations is not mandatory. 

However, there is an advantage in this approach. 

Met&ler has sho"~ that aij ~0, is a necessary and sufficient 

condition for the stability of the dynamic system, in the sense that 

all the characteristic roots of a are less than unity in modulus and 

that (1-a) has all of its principal minors positive. 

The static model 

can be written as a difference equation 

(A.lO) Ix(t~l) - ax(t) = Y 

Solow shows that (A.9) is the static solution of (A.lO) 

The solution of (A.lO) is 

x(t) = atx(O) +(I +a + a2 ..• at·L)y 

l2R. Solow, "On the Structure of Linear Hodels, " !'!conometri.ca, 

XX (1952), 29-32. 
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Therefore Lf (I~ a~ a 2 ..• at·l) converges to \l·a)-1, and 

at goes to the null matrix then stab1lity 1n (A.lO) Lnsures non-nega

tivity in (A.9). 

The importance of this result is 1n its empirical use. The 

applicat1on of the Metzler crLter1on would furn1sh simLlar results but 

the problem of evaluating the principal minors 1s very tedious for 

large equation systems, In lleu of evaluating the princ~pal minors, it 

is usually eas1er to examine the stability of the dynamic system and 

then relate 1t to the non-negat1ve solutions of ~he static model. 

A.2--0efinit1ons of Industry Groups 

Endogenous Sectors 

S1nce the defin1t1ons of the 1ndustries Ln the endogenous sec

tor are def1ned 1n the Standard Industr~al Classif1cat1on Manual, 

they are not restated. However, deflnitlons of 1ndustr1es in the 

exogenous sector are not conta1ned in th1s manual and are now 

defined, 

Exogenous Sectors 

The exogenous sectors are those sectors whose actlvity coeffi

cients are not expected to remain constant, i.e.-, the output of the 

sector is not a 14near function of its input. The exogenous sectors 

constitute the final de~and or b~ll of goods for each produclng lndus

try 1n the modeL. 

In the endogenous sector of the model each row element has a cor

respond~ng column element. 1.e., there is a symmetry between rows and 
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columns. In the present model, the endogenous sector is a square 

matrix with 10 columns and 10 rows; the exogenous sector has six entries. 

When the model is placed into operation, it may be advantageous 

to consolidate some of the input entries in the final demand sector. 

Therefore, although there would be six columns in the final demand 

sector, there may be less than six rows corresponding to the six col-

umns. This offers no conceptual problems since several of the rows are 

merely added together when reporting the data. The model no longer 

gives a square matrix but this problem is resolved by the fact that the 

matrix which is inverted is square since it is composed of only the 

entries in the endogenous sector which are symmetrical as discussed 

above. 

Construction.-- This sector includes all expenditures or 

receipts arising ~om the erection of immobile structures and utilities 

including any additions to service facilities which become an integral 

part of the operating structure. 13 

Government.-- This sector is concerned with the transactions 

of the state, local, and federal governments with the remaining sectors 

in the model. The government row in the model represents tax payments 

of the non-governmental sectors to the government. These taxes include 

excise taxes as well 4S corporate income taxes. The government column 

13w. E. Martin and H. o. Carter, A California Interindustry 
Analysis Emphasizing Agriculture, Giannini Foundation Report No. 250, 
(University of California, February, 1962). 
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represents purchases of goods and services made by the government from 

the various ~ndustries 1n the model as well as transfer payments and 

subs~dies. 

Inventory Change.-- This sector recognizes the lag between pro

duction and consumption. An inventory addit~on, representing a surplus 

of product1on over consumption ls entered as a posit1ve number, and 

1nventory deplet1on representing a surplus of consumption over produc

tion is entered as a negative number in the transact1ons table. Due to 

the difficulties in obtaining these data as a producing entry, it is recom

mended that the amount actr1buted to th1s element be included in the 

households row. Therefore, although there will be a column for inven• 

tory change, there will be no correspond1ng row entry. 

Gross Private Capital Format1on.-- The purchases of capital 

machinery and other cap1~al goods ara recorded ln this sector. Items 

related to cap1tal expenditures wh1ch are not elsewhere classified are 

included in thts sector, for example, engineering fees not included in 

current construction acttvtty~ One must note that depreciation is not 

to be 1ncluded as a negattve amount but lS to be distrtbuted to the 

using sector through the household sector 

Households.-- The household column in the household sector repre~ 

sents personal consumption expenditures for goods and services by private 

indtvlduals; each column entry represents a purchase or an 1nput. The 

household row represents payments to indtviduals, these flows take the 

form of wages and salaries, depreciation, and interest. 



Imports and Exports.-- Conceptually, this is a very important 

entry Ln the fLnal demand sector The addition of this sector is one 

of the Lmportant changes necessary to change a general model to a re

gional model. Ideally. one should eKamLne deta1led data concern1ng the 

import and export of goods in and out of the regLon under consideration, 

i.e., the Duval County area, Unfortunately, such LnformatLon is very 

difficult to obtain, and even with the expend1ture of large amounts of 

resources, it is doubtful whether such information may be found Con

sequently the only course of action 1s to compare the amount of each 

product used in the county with the amount of each product produced in 

the county and as~ume that the d1fference was e1ther an import or an 

export. Hence 1mports are a net relationship and are used as the 

balancing sector between production and consumption. 
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